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TECHNICAL REPORT SUMMARY
NONLINEAR SYSTEM IDENTIFICATION FINAL REPORT

PART I. IMPLEMENTATION FEASIBILITY STUDY

A. STUDY OBJECTIVES

The basic objective of this study effort is to evaluate the
practical feasibility of a nonlinear system identification tech-
nique. The identification procedure studied is a black box
technique where only input and output terminal measurements of
the nonlinear system are used. The identification technique is
applicable to a broad class of weakly nonlinear systems whose
response can be characterized by a finite Volterra series. The
identification procedure involves processing the input and out-
put responses of a nonlinear system to obtain a set of linearly
independent equations which uniquely define the parameters of a
functional form of the second-order impulse response. Theoreti-
cally, the proposed identification technique represents a signif-
icant improvement over existing identification techniques be-
cause of its black box formulation. The intent of the study to
determine if this identification technique can be practically im-
plemented and maintain an advantage over existing techniques.

The study effort is divided into two parts:

Part I An implementation feasibility study to determine
practical methods of implementing the measurement
scheme - both digital and analog - and to evaluate
the requirements for the components of the measure-
ment scheme.

Part II A computational complexity study of the identifica-
tion technique processing to determine the class of
nonlinear systems to which the technique can be
practically applied.

This technical report summary covers the results of Part I
of the study effort - the implementation feasibility study.

B. SUMMARY OF RESULTS AND CONCLUSIONS

Three basic implementations of the identification technique
were evaluated and the requirements for the critical parameters
of each element of the measurement scheme were evaluated. The
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results of these performance evaluations and significant con-

clusions are summarized below for the three configurations.

1. Digital Implementation (Final Report Section III.B)

The digital implementation of the identification tech-
nique functions as follows. A signal generator excites the
nonlinear system with the appropriate signal. This input signal
and the resultant nonlinear system output are amplified and
converted into digital form via A/D converters. The resultant
samples are stored in memory for future nonreal-time identifica-
tion processing on a general purpose digital computer.

The performance evaluation of the digital implementa-
tion of the identification technique showed that the critical
components of the digital implementation are the A/D converter
and the pre-A/D converter amplifier. The signal generator and
data storage requirements are not technology limited in terms of
enabling implementation of the identification technique. The
important conclusions impacting parameter specification of these
devices are summarized below.

a. A/D Converter

(1) The A/D converter must have 14 to 16 bits of
resolution for adequate performance on a two-
pole system. This increases to 20 to 24 bits

as the number of poles increases to four.
Since the highest resolution commercially
available A/D converter has 16 bits of resolu-
tion at this point in time, any experimental
validation of this implementation should be re-
stricted to systems with two poles or less.

(2) The sampling rate requirements for the A/D
converter are driven by the accuracy re-
quirements of the processing technique. For a
two pole system, the sampling rate should be 4
to 10 times slower than the highest break
frequency of the system tinder test. Current
16-bit A/D converter technology implies that
the system under test be limited to an upper
break frequency of approximately 10 to 30 kllz.

b. Amplifier

(1) The pre-A/D converter amplifier is necessary
to adjust the output of the system under test
to the full-scale input voltage level of the
A/D converter.
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(2) The bandwidth requirements of the amplifier
are a function of the processing approach
used for identification. In general, one
approach requires an amplifier with a band-
width 1000 times the bandwidth of the system
under test while the other approach requires
the amplifier bandwidth to be approximately
equal to the bandwidth of the system under
test.

The above conclusions support the subsequent con-
clusion that the digital implementation of the identification
technique can feasibly be constructed and used in an experimen-
tal test setup under the various constraints presented above.

2. Hybrid Implementation (Final Report Section III.C)

A hybrid implementation of the identification technique
was evaluated. This implementation differs from the digital
implementation in that the input and output of the system under
test are integrated a number of times using analog integrators
prior to sampling via A/D converters. These samples are stored
for future nonreal-time processing on a digital computer.

The analyses of the performance of this implementation
led to the following conclusions:

(1) The resolution requirements for the hybrid imple-
mentation are significantly greater than for the
digital implementation. The hybrid implementation
requires 24 bits which is beyond the current state
of the art in A/D converter technology. The con-
version speed requirements are essentially the
same as those required for the digital implementa-
tion.

(2) For systems with two poles or less, the hybrid im-
plementation offers no advantages over the digital
implementation. For systems with more than two
poles, the hybrid implementation offers potential
performance improvement over the digital approach
for an A/D converter with 24 bits. This improve-
ment however increases the measurement implementa-
tion complexity and cost.

It was concluded that it is not feasible to consider
implementation of this approach for an experimental validation
at this time because of the A/D converter requirements.
However, future improvements in A/D converter technology may
permit implementation of this approach at that time.
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3. Analog Implementation (Final Report Section III.D)

An analog implementation of the identification tech-
nique was also evaluated.

The analog implementation derives the necessary process-
ing (inner product) quantities using analog components. The
inner product device outputs are sampled and stored for further
nonreal-time processing on a digital computer.

The performance evaluation has shown that the critical
components in the analog implementation are the inner product
device and the A/D converter; this has led to the following con-
clusions.

(1) A minimum of 18 bits of A/D converter resolution
is required to achieve minimum identification
performance. Conversion speed is not important
since only one sample per inner product device
output is required.

(2) The maximum tolerable error in the inner product
output is on the order of 10-3 percent to achieve
a minimum level of identification performance for
A/D converters with 18 or more bits of resolution.

(3) Performance improvement requires less inner
product error (10 - 4 to 10- percent) and increased
A/D converter resolution (20 to 24 bits). However,
the performance of the analog implementation is be-
low that demonstrated for the digital implemen-
tation.

(4) Currently available analog multipliers have an
output error on the order of 0.05 percent, which
is approximately 50 times greater than the maximum
tolerable error of 0.001 percent required for mini-
mum performance of the identification technique.

The analog multiplier and the A/D converter require-
ments for the analog implementation imply that it is not feas-
ible to consider this implementation for an experimental test
setup in the present time frame. Significant technological de-
velopments for analog multipliers and A/D converters are neces-
sary before this implementation can prove feasible.
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EVALUATION

The objective of this effort was to develop, quantify, and evaluate the

practical constraints for the implementation of a time domain methodology for

weakly nonlinear system identification. This time domain methodology permits the

functional characterization (as opposed to numerical) of the second and third order

Volterra kernals from input/output measurements (and subsequent analysis) on an

otherwise, nonlinear black box with memory.

The process of system identification consists of postulating a valid analytical

model for the system under consideration and performing tests on the system to

completely specify or "identify" the parameters which describe the system

analytical model. For example, a linear system is completely characterized by its

impulse response, h(t). The system identification process for this linear system

analytical model consists of any procedure that completely determines h(t). The

present consideration in the area of nonlinear system identification is the deriva-

tion of a valid analytical model for the nonlinear system under consideration.

The identification procedure successfully studied is a black box technique

where only input and output terminal measurements of the nonlinear system are

used. The identification technique is applicable to a broad class of weakly

nonlinear systems whose response can be characterized by a finite Volterra series.

The identification procedure involves processing the input and output responses of

a nonlinear system to obtain a set of linearly independent equations which uniquely

define the parameters of a functional form of the second-order impulse response.

Theoretically, the proposed identification technique represents a significant im-

provement over existing identification techniques because of its black box formula-

tion. The intent of the study was to determine where this identification technique

IxD



can be practically implemented and maintain an advantage over existing tech-

niques. To these ends, the practical implementation constraints have been

developed, quantified and assessed for these candidate measurement configura-

tions. The robustness of the technique to nonlinear circuits with many and/or

repeated poles is the subject of Part II of this final report.

DANIEL J. KENNEALLY
Project Engineer



SECTION I

INTRODUCTION

A. STUDY OBJECTIVES

The basic objective of this study effort is to evaluate the

practical feasibility of a nonlinear system identification tech-
nique. The identification procedure studied is a black box

technique where only input and output terminal measurements of
the nonlinear system are used. The identification technique is
applicable to a broad class of weakly nonlinear systems whose

response can be characterized by a finite Volterra series. The

identification procedure involves processing the input and out-
put responses of a nonlinear system to obtain a set of linearly
independent equations which uniquely define the parameters of a

functional form of the seccond-order impulse response. Theoreti-
cally, the proposed identification technique represents a signif-

icant improvement over existing identification techniques be-
cause of its black box formulation. The intent of the study to

determine if this identification technique can be practically im-
plemented and maintain an advantage over existing techniques.

The study effort is divided into two parts:

Part I An implementation feasibility study to determine
practical methods of implementing the measurement
scheme - both digital and analog - and to evaluate
the requirements for the components of the measure-
ment scheme.

Part II A computational complexity study of the identifica-
tion technique processing to determine the class of

nonlinear systems to which the technique can be
practically applied.

This final report represents the results of Part I of the
study effort - the implementation feasibility study. The compu-
tational complexity study results will be presented in Part II

of this final report.

B. SUMMARY OF RESULTS AND CONCLUSIONS

Three basic implementations of the identification technique

were evaluated and the requirements for the critical parameters

of each element of the measurement scheme were evaluated. The
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results of these performance evaluations and significant con-

clusions are summarized below for the three configurations.

1. Digital Implementation

The block diagram of the digital implementation of the
identification technique is shown in Figure 1. A signal gener-
ator excites the nonlinear system with the appropriate sum of
decaying exponential functions. This input and the resultant
nonlinear system output are amplified and converted into digital
form via A/D converters. The resultant samples are stored in
memory for future nonreal-time processing on a general-purpose
digital computer.

The performance evaluation of the digital implementa-
tion of the identification technique showed that the critical
components of the digital implementation are the A/D converter
and the pre-A/D converter amplifier. The important conclusions
impacting parameter specification of these devices are summar-
ized below.

a. A/D Converter

(1) The A/D converter must have 14 to 16 bits of
resolution for adequate performance with a
two-pole system. This increases to 20 to 24
bits as the number of poles increases to four.
Since the highest resolution commercially
available A/D converter has 16 bits of resolu-
tion at this point in time, any experimental
validation of this implementation should be re-
stricted to systems with two poles or less.

(2) The sampling rate requirements for the A/D
converter are driven by the accuracy re-
quirements of the processing technique. For
a two pole system, the sampling rate should
be 4 to 10 times slower than the highest
break frequency of the system under test.
The fastest 16-bit A/D converter currently
available is limited to a sampling rate of
125 kHz. This implies that the system under
test be limited to an upper break frequency
of approximately 10 to 30 kHz.

b. Amplifier

(1) The pre-A/D converter amplifier is necessary
to adjust the output of the system under test
to the full-scale input voltage level of the
A/D converter.

2
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(2) The bandwidth requirements ot the amplifier
are a function of the processing approach
used for identification. In general, one
approach requires an amplifier with a band-
width 1000 times the bandwidth of the system
under test while the other approach requires
the amplifier bandwidth to be approximately
equal to the bandwidth of the system under
test.

(3) Operational amplifiers with gain-bandwidth
products of up to 1000 MHz are presently com-
mercially available. These are compatible
with either processing approach described in
(2) above.

c. Remaining Components

The remaining components of the digital implementa-
tion are not technology limited in terms of enabling implementa-
tion of the identification technique. The important conclusions
are given below:

(1) No commercially available waveform generator
has an exponential function capability. The
appropriate inputs will be generated by using
operational amplifiers as low-pass filters
and appropriately clamping the short pulse re-
sponse to obtain the exponential function.

(2) Data storage will be accomplished using
static random access memory (RAM) chips and a
programmable interface to transmit the data
to the digital computer for nonreal-time
processing.

The above conclusions support the subsequent con-
clusion that the digital implementation of the identification
technique can feasibly be constructed and used in an experimen-
tal test setup under the various constraints presented above.

2. Hybrid Implementation

A hybrid implementation of the identification technique
is shown in Figure 2 for a test system with two poles.

This implementation differs from the digital implementa-
tionin that the input and output of the system under test are
integrated twice using analog integrators prior to sampling via
A/D converters. These samples are stored for future nonreal-
time processing on a digital computer.
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The analyses of the performance of this implementation
led to the following conclusions:

(1) The resolution requirements for the hybrid imple-
mentation are significantly greater than for the
digital implementation. The hybrid implementation
requires 24 bits which is beyond the current state
of the art in A/D converter technology. The con-
version speed requirements are essentially the
same as those required for the digital implementa-
tion.

(2) For systems with two poles or less, the hybrid im-
plementation offers no advantages over the digital
implementation. For systems with more than two
poles, the hybrid implementation offers potential
performance improvement over the digital approach
for an A/D converter with 24 bits. This improve-
ment however increases the measurement implementa-
tion complexity and cost.

(3) The amplifier and signal generator requirements
are the same as those derived for the digital im-
plementation.

(4) The amount of data to be stored is IN + (1/2)]
times greater for the hybrid implementation than
for the digital implementation (N is the number of
poles in the linear portion of the system under
test).

It is not feasible to consider implementation of this
approach for an experimental validation at this time because of
the A/D converter requirements.

However, future improvements in A/D converter technol-
ogy may permit implementation of this approach at that time.

3. Analog Implementation

An analog implementation of the identification tech-
nique is shown in Figure 3.

The analog implementation derives the necessary inner

product quantities using analog components. The inner product
device outputs are sampled and stored for further nonreal-time
processing on a digital computer.

The performance evaluation has shown that the critical
components in the analog implementation are the inner product

6
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device and the A/D converter; this has led to the following con-
clusions.

(1) A minimum of 18 bits of A/D converter resolution
is required to achieve minimum identification "
performance. Conversion speed is not important
since only one sample per inner product device
output is required.

(2) The maximum tolerable error in the inner product
output is on the order of 10- 3 percent to achieve
a minimum level of identification performance for
A/D converters with 18 or more bits of resolution.

(3) Performance improvement requires less inner
product error (10- 4 to 10- 6 percent) and increased
A/D converter resolution (20 to 24 bits). However,
the performance of the analog implementation is be-
low that demonstrated for the digital implemen-
tation.

(4) Currently available analog multipliers have an
output error on the order of 0.05 percent, which
is approximately 50 times greater than the maximum
tolerable error of 0.001 percent required for mini-
mum performance of the identification technique.

(5) Amplifier and signal generator requirements are
essentially the same as those derived for the digi-
tal implementation.

(6) Data storage requirements are significantly re-
duced for the analog implementation. Only
(4N + 1) data words need to be stored (N is the
number of poles in linear portions of systems
under test).

The analog multiplier and the A/D converter require-
ments for the analog implementation imply that it is not feas-
ible to consider this implementation for an experimental test
setup in the present time frame. Significant technological de-
velopments for analog multipliers and A/D converters are neces-
sary before this implementation can prove feasible.
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SECTION II

IDENTIFICATION TECHNIQUE

A. IDENTIFICATION TECHNIQUE DEVELOPMENT

1. Background

The basic objective of this study (Part I) is to inves-
tigate the implementation feasibility of an identification
technique for nonlinear systems. The identification technique
is described in detail in this section and is based on the
analysis presented in Reference 1. This technique is a "black
box" procedure in that only measurements at the system input and
output terminals are required. The feasibility of implementing
a test setup to make the required data measurements of the input
and output is the primary focus of this study (Part I). The
identification technique is applicable to a class of weakly non-
linear systems whose behavior is adequately characterized in
terms of a finite Volterra functional series given by

N n
y(t) =  E Y n(t) E f h n(T ... T n 11 x(t - T p) d T (1

n=l n=1 1' ' p= p

where

Yn(t) is the n-th order portion of the response

I denotes an n-fold integration from -- to *

n
T denotes an n-fold product

p=i

The nth-order Volterra kernel hn(Tl,...,Tn) can be re-
ferred to as the nth-order nonlinear impulse response (Reference
2). In actuality, the nonlinear impulse responses may not be
identically zero above order N. However, the finite sum of

9



equation (1) implies that higher-order terms contribute negligi-
bly to the output.

As is the case with linear systems, there is a corres-
ponding representation in the Laplace transform domain. The
nth-order nonlinear transfer function, which is defined to be

the n-dimensional Laplace transform of hn(1l,...,mn), is given
by

II -s T

If (sI ... Is n.. (T ) e dT (2)
nl - n 1.......

II

Closely related to Yn(t) is the multidimensional time
function

II

Yn1 ti ..... tn ) = h (T 1 I .... "' ) 11 x (t'i p

It is observed that yn(tl .... , tj) = yn(t) when t = .. = t
= t. If the n-dimensional Laplace trzinsf.lnlf of y11 (tl .... ,tn) i:
denoted by Yn(SI, ... ,sn), it follows from ellat ion (3) that

Y I I n I (s

where X(s) is the conventional one-dimensional Lapl aci' ransfor'm
of x(t). Yn(s . .sn) is reduced to Yn(s) , the Laplice
transform of yn(t), by applying the "association of variables"
technique intr-oduved by George (Iletrence 3). This 11pprolich
implies that the nonlin iear system is completely byharacter i ,d 1w

I (



the nonlinear impulse responses or, equivalently, the nonlinear
transfer functions. Once either of these is known, the system
response can be determined for arbitrary inputs. The problem of
identifying a weakly nonlinear system therefore, consists of
identifying the nonlinear impulse responses, by hn (tl, t2,
tn), n = l,2....N.

The identification technique developed in Reference 1
is designed to identify the parameters of closed-form expres-
sions for the nonlinear impulse responses, hn (tl, t2, .... tn),
n = 1,2....N. The analysis presented in Reference 1
demonstrates how the technique identifies the parameters of
hl(t), h2 (tl, t2 ) and h3 (tl, t2 , t3 ). On the basis of this
analysis, it is believed that the technique is extendable to
identification of higher order nonlinear impulse responses
(N > 4). This study (Part I) is concerned with the feasibility
of implementing the identification of only the linear and
second-order nonlinear impulse responses, hl(t) and h2 (tl,t 2 ).

A functional form for h2 (tl,t 2 ) for a broad class of

nonlinear systems is presented below.

2. Functional Form for h2 (tl,t 2 )

In Volterra analysis, hl(t) is the impulse response
usually associated with the linear incremental model of a
nonlinear system. When this model consists of linear resistors,
capacitors, inductors, and controlled sources, the linear
impulse response is described by

r N
E R e t>0

h 1 (t) = i=t (5)
0 t < 0 5

where Re i < 0 and it is assumed that the Xi are distinct.

In general, a weakly nonlinear system contains several
nonlinearities. If the nonlinearities can be modeled by
nonlinear resistors, capacitors, inductors, and controlled
sources whose current-voltage relationships can be expanded into
power series as shown in Table 1 and if h1 (t) is given by
equation (5), the second-order nonlinear impulse response can be
expressed in the symmetrical form (Reference 1):

11



TABLE 1. CURRENT-VOLTAGE RELATIONSHIPS OF

POSSIBLE NONLINEARITIES

1) Zero Memory, Independent Nonlinearity

i = K(v)= . K.vj

j=l j

2) Zero Memory, Dependent Nonlinearity

i = G(uv)g u i vk

j=0 k=0 J
j~k=0

3) Capacitive, Independent Nonlinearity

d d 1 yjdaE Q(v)= d _j

4) Inductive, Independent Nonlinearity

i = 0 z
v.[ z) d

where

v = incremental voltage across the element

i = incremental current through the element

u = incremental voltage elsewhere in the circuit.

12



M N a k tl +ak t2

1 N2k
h2 (t1 ,t2 ) = Akke Ut 1

kl~l k2 =l~ 2  ~ 2  1

M N a k t 2+ak t1

+ E E Ake 1 2 U(t 1 - t2 ) (6)

1i 2 12

where

M = N2 + 1. (7)

1 ,t>O

u(t ) = 0t<0(8)
U~t={ 0  ,t<0

and where the natural frequencies in equation (6) are related to
those in equation (5) according to:

a1 = x1 , a2 = x 2 .... a N AN

aN+ 1 X1 = 0, aN+2 1 2''''' a2 N 1 x N

a 2N+1 x 2 x I) a2N+2 =  2 x 3 ) ..... a3N-1 2 N

aN2-N+3 = N - X1 ' aN2-N+4 N - x2 ...

aN2+l 2 N - xN-I" (9)

The ordering of the ak 1 terms in equation (6) assumes
all the factors Xi- Aj to be distinct, such that X - t X
for any i,j,k = 1,...,N. Also, the zero entry that results
from X i - A when i = j is included only once as the entry aN+ 1.
In addition, it is readily shown that (Reference 1)

Ak1k2 = Ak2k1 for ki,k 2 <N (10)

and that the coefficients of terms in equation (8) having the
form

13



(ei - ij)tI + X it 2e i2 , i~j

are identically zero.

The identification technique will identify the
parameters of h2(tl, t2 ) as represented in equation (6).

3. Identification Technique Description

The functional form for h2 (tl, t2 ) established in
equation (6) implies that the identification of h2 (tl, t2 )
reduces to identification of the parameters akl, ak2 , Akk and
N. However, equations (5) and (9) show that akl, ak2 an can
be determined once the linear impulse response is known.
Therefore, the task of identifying these parameters reduces to
the task of identifying h1 (t). The problem of identifying the
coefficients Ak1k2 still remains.

The identification process separates into two distinct
steps: (1) identification of h1 (t); and (2) identification of
the Ak1 k2 quantities of h2 (tl, t2 ). These two steps are
considered below.

a. Identification of the Linear Impulse Response,
h1 (t)

The first step in the identification of h1 (t), the
linear impulse response of a nonlinear system, is to excite the
system with an input amplitude such that the output is linear.
The amplitude of this signal can be determined by exciting the
system with a sinusoidal signal of amplitude A and performing a
spectral analysis of the resultant response. Amplitude A is
then adjusted until the amplitude level of the harmonic
frequencies of the output becomes sufficiently small compared to
the level of the fundamental component. The following analysis
assumes that the output of the nonlinear system represents the
linear response of the systems described by

SN X it ,

ER. e t>O0
h1(t) = i 1  - (11)

0 , t<o
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where Re < 0 and the Xi are distinct. The X i and Ri will
be identified using the pencil-of-functions approach (Reference4).

The pencil-of-functions approach operates on the
system as shown in Figure 4, where the input to the linear
system and resulting output are integrated N times over the
real-time interval (O,T). The following notation is used in
Figure 4.

f xi(r) d T 0 < t < T
Xilt 0 (12)

0 elsewhere

i 1,.. N

(t)f .(T) dT 0 < t < T
yi+l(t) = 0 (13)

0 1elsewhere

i I N

T -s
Xl(S) : = x1 (t) f x(t) e dt (14)

0

X (s) = xps)

i+l (Ss = ... (15)

T -St (16)
Y1 (s) f y(t) e dt (16)

~0

-,, . . g (s)
s) ... (17)

15



z ~ ~ z
)~x

1 2 1> zI: 4-

4)

m c.,xx

0

E-

CU

4

4-

.)

-4

4)

16> C



It has been shown (Reference 4) that poles of the
linear system satisfy the polynomial equation

N 1N - i  G2N+ 1/2 =~
G/. 0 (18)

i=ON

where G2N+l is the Gram determinant shown in equation (19)
below:

<YlY > <YlY2> ... <y > x2
Y1 P2+IpYN+I> <Ylp2 ... <Y17 N+l>

< Y2,Yl > <Y2,y2 > ... <Y2,YN+I> <Y2,X2 > ... <Y20,XN+l >

G <N'Y > <YNY2> .. .< YN'N+> <YN'2> <YNXN+l>

<X2 Yl> <x2 Y2> ... <x2,YN+l> <x2 x2> ... <x2 XN+1 >

<X N+I'YI><X N+I'Y2> "' N+I, N+I <xN+I 2>." <xN+I,xN+l>

(19)

Further, the residues Ri of the poles Xi satisfy the equation

R=C Y' (20)

where

R1I
R 2

R = residue matrix = 3  (21)

RN
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Y2 (T)
y3 (T)

Y = output matrix Y4 (T) (22)

YN+l(T)

C = N x N matrix whose i,jth element is defined by

P(T) i x m+l(T)i. + l - ( 2 3 )C i jE l -
1.) m=l (X)

where

T xj(T-T) (24)
P.(T) = f e x(T) dT

0

Equations (18), (20), (23), and (24) show how Hi
and Xi are obtained once N is known. The pencil of functions
technique also permits determination of N, the number of poles
of the linear system. This can be accomplished as follows:

Using the system shown in Figure 4:

(1) Assume N = 1

(2) Measure yi(t), i=l ...... N+I, and
xi(t), i=2 ...... ,N+1

(3) Form the Gram determinant G2N+1 as given by
equation (19)

(4) Check singularity of G2N+1

18
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(5) If G2N+ 1 is nonsingular, increase N by 1 and
repeat from step (2)

(6) If G2N+1 is singular, then the number of
poles is N - 1

Therefore, the pencil-of-functions system identification
technique completely specifies h1 (t) as given in equation (11).

b. Identification of the Second Order Impulse
Response, h2 (tl,t 2 )

The second step of the identification procedure is
to identify the unknown parameters of h2 (tl, t2 ). With
h2 (tl,t 2 ) given by:

M N ak tl+ak t2
h2 (t1 ,t2) = Z Z Ak k e U(t2 - t 1 )

k=1 k2=1 1 2

M N ak t2 +ak t11 E A2 U(t 1 - t2 ) (25)
kk k1 k -12kki1k1 2

the only unknown parameters are the Aklk 2 quantities since M, N,
Ak and Ak are known from identification of hl (t). A proce-
dure for d termining the Aklk 2 using the pencil-of-functions
method is described in this section.

The identification procedure utilizes the response
of the weakly nonlinear system to a sum of L decaying
exponentials as described by:

L -ait

e , t 0

x(t) =

t < 0 (26)

where Re all > 0. The second-order portion of the response to
x(t) is given by the two-dimensional transform

Y2 (sis 2) H2 (si,s 2 ) x (s1 ) X (s2 )  (27)

19



Taking the one-dimensional Laplace transform of x(t) and the
two-dimensional Laplace transform of h2 (tl,t 2 ) and substituting
into equation (27) results in

NI N L L
Y 2 (S,s 2 ) E Akk

k1=1k2= 1 i=1 j:=l 12

1 2 12k

(s ~ + ~ - (

(1s +2 - ak1-a ~ 2 s-ak2 )(2ai 2 ))(1 * (8

Applying George's "association of variables" technique
(Reference 3), Y2 (s) becomes

NI N L L
Y 2 (S) E E Ak1k2

k1k2=1 i=1 j=1 k

S+ a~ + 2ak

j((X+a k )(axi+a k W +(a.I a k I+a k 2 s - (ak 1+a k 2

(a +a k)(ai +a k2  s + (a. a k2

11
(a .+a k )(act.+a k s + (a. ak)

+ ~a. + a. + 2ak2 1
(a .+ak 2)(ai +a k2)(a. +a. +a k 1+k2 +a J (29)
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where

aj ak for j =1,...,L; k =1 ... M

a. + a. + ak + a k 0 for i,j = 1, L; k1 = 1,.. ,M;
1 J k =1 9 ••

k2 1...,N

akl ak2 for k2 = 1,...,N; k = N + 1,..., M.

(30)

The expression in equation (29) is the Laplace
transform of a sum of exponential time functions. This sum can
be interpreted as the impulse response of an equivalent linear
system as indicated in Figure 5. In other words, the second-
order response y'2 (t) can be visualized as though it were
generated by an equivalent linear system. However, the
equivalence is valid only if the equivalent linear system is
considered to be excited by an impulse. It follows that the
problem of identifying h2 (tl,t 2 ) has been reduced to the simpler
problem of identifying a linear system and the pencil-of-
functions technique can be used again.

St) n H(s) = Y2 (s) (t) =L1  iY s 3

Figure 5. Equivalent Linear System with Transfer
Function Y 2 (s)
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The system is excited by an input amplitude such
that the output is described by linear and second-order terms,
yl(t) and Y2(t). The identification process will operate the
signal Y2 (t). For this purpose, the second-order portion of the
response, y2 ,(t) is isolated from the total response. Y2 (t) is
obtained by subtracting from the total response the correspond-
ing linear response yl(t), which is known because hl(t) has been
identified. It is shown in Reference 1 that the second-order
response Y2(t) need not be isolated from the total response for
the identification procedure to work. (This will be investi-
gated in detail in Part II of the study.) However, isolation of
Y2 (t) from the total response eases the mathematicalpresentation
and will be assumed necessary at this point, to identify
implementation constraints.

Once Y2 (t) is isolated from the total response,
the coefficients Aklk 2 are then evaluated by applying the

pencil-of-functions method to Y2 (t), treating it as though it
were the impulse response of a linear system. This latter step
is now discussed in detail.

From equation (29), the poles of Y 2 (s) are given

by

s a k1 + k , k I = 1,...,M; k = ,...,N

s - . + a , i= 1,...,L; k2i k2 2

s=-i -a. , i,j = 1,...,L. (31)

First, consider poles of the form s = ak . + ak2 =X 2
=1,...,N. The terms in Y2 (s) correspon ing to the pole at 2 >

are given by

L L 1 1
Y 2U (s) = Z Z A + ) + - 2Z (32)

i=l j=l
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If the residue of the pole at 2 Xz , as evaluated using the
pencil-of-functions method, is .9 , it follows that

L L 1
Akk ££ (kj E ) +A) £ = 1N(33), i=l j=l1,.. ,N. (33)

This procedure results in identification of N of the
coefficients.

Consider next poles of the form s = akl + ak 2 = k

+ X where k t m and 9,m =1 N...,N. Since Akm = Amk for 9 ,m <
N,twe terms in Y2 (s) corresponding to the pole at ). + Am are
given by

L L
Y 2 9,m(S) = F Azm

i=1 j=1

a + a. + 2Xz

(a + X)(i + Xz)(ai + aJ + XZ+ XM)

Cc + a. + 2X _ 1

+ i )(. + ~.+ XZ+X s xz=
)a m m

m)(i + m + ) s - I-

(34)

If the residue of the pole at Xk + X m, as evaluated using the
pencil-of-functions method, is Zm, it follows that

L L a-it i + 2XZ
., A 9m 1i i (a" + Zx)(a. +xk)(. + a. + X£+ Xm ). m~ 1 j= j i i1 jm

a. + a. + 2Xm I-
( + X m)(a + X )(a. + Xj + X + XM )ma i 'm] £,m = 1.... ,N

: m, 9 < Il.

(35)
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The input and output functions' are integrated using
Simpson's rule of integration (Reference 5), given by

b ( b - ar
f Y) dt --- 6n y(0) + 4y(AT) + 2y(2AT) + 4y(3AT)

a
+ ... + 2y( (2n - 2)AT) + 4y((2n - 1)AT)

+ y(2nAT)] (36)

where

h - a
T= = t ime between sampl ( :

2 n

2n = number of subintervals bkt. ween data points.

The effect of numerical integration techniques on the perform-
ance of the identification technique will be addressed in Part
II of this study.

The remaining processing involves matrix manipulations which
are accomplished using standard FORTRAN computer subroutines, as
listed in Appendix A.

C. PERFORMANCE INDICES FOR THE I.DE'NTIFICATION TECIINIQUE

A first step in assessing the performance of given implemcn-
tation of the identification technique is to establish a set of
performance indices which adequately reflects that performance.
This is not a simple task, as performance indices are very
numerous and in many cases require subjective interpretation.
The intent in this study has been to establish a set of
performance indices that is used consistently for all implemen-

tations and that reflects, at least for comparison purposes, the,
performance of the identification technique.

Two primary performance indices were used during the study:

(1) Percentage error between the predicted system poles and

residues and the actual system poles and residues

(2) Normalized mean-squared error between predicted system

output response and actual system response.

2t,



The percentage error index of performance indicates how well
the technique identifies each pole and residue of the test
system. The percentage error is given by

E (Predicted System Pole) - (Actual System Pole) X 100
c CActual System Pole

pole (37)

Ep =(Predicted System Residue) - (Actual System Residue)
c Actual System Residue

residue x 100 (38)

The normalized mean squared error is defined by the equation

1 2
Tf (y - ya) dt

NMSE = 0 (39)
1 T2
T y Ya dt
0

where

yp(t) is the predicted system output to input x(t)

ya(t) is the actual system output to input x(t)

T is the period of integration

The normalized mean squared error performance index
indicates how well the predicted system response approximates
the actual response to the same input. It is possible to
construct this performance index in this study because the
actual system response is analytically known for the systems
considered. This index of performance is better than the
percentage error in the sense that it evaluates the influence of
errors in the poles and residues on predicting system r'esponse(s.
It is possible that a very large error in a pole or c(,sidue
(>100 percent) will have only a minor impact. on normal ized mean
squared error since the pole and residue contribute neigligibly
to the total system output.
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This study considers systems whose outputs generally consist
of sums of exponential functions. In these cases, the predicted
system output and actual system output are represented as:

-A t
N Pi

ypt = M R p e t > 0

i=l p (40)

-A t
N a.

ya(t)= Ra e t > 0
i=l i  (41)

The normalized mean squared error is given by

NMSE = F (42)~D

where

N N [ R R (XP +X ) T

F = (A + ) e
i=l j=l Pi P i

2 Pi a ( ( X P i +  a j ) T( a

Pi aji

2R R (Xa a T

Pi a ( (43)

N N Ra IRa + Xa. T

ilj "a. a. AD E

i=1 1 (44)
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One remaining issue in the area of performance indices is
the interpretation of the results. The question is "How
accurate must the identification technique be to achieve a
satisfactory level of performance?" The absolute accuracy
requirements depend on the application of the technique. If a
precise description of the system under test is required, then

percentage errors of 0.05 to 0.1 might be necessary. On the
other hand, prediction of the poles of a system to within 10 to
20 percent may be more than adequate in some cases.

Similarly, the interpretation of the normalized mean square
error (NMSE) also causes this dilemma. For this study, an arbi-
trary level of minimum performance has been established which
corresponds to that level of NMSE induced by a 10-percent error
in each pole and residue. This NMSE performance level is a func-
tion of the system under test and is established quantitatively
for the test systems considered later in the report.

It should be noted that significantly better performance of
the identification technique will generally be desired, but this
level of minimum performance will permit determination of a set
of minimum system requirements for each implementation of the
technique.
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SECTION III

IMPLEMENTATION FEASIBILITY STUDY

A. IMPLEMENTATION APPROACHES

The basic objective of this study phase is to establish
requirements for implementation of the identification technique
described in Section II. Three basic implementations were
considered:

(1) Digital - the input and output of the system under test
are sampled using analog-to-digital (A/D) converters
and all subsequent processing is done on a general-

purpose (GP) computer in nonreal time.

(2) Hybrid - the input and output of the system under test
are integrated N times by analog integrators and the
outputs of each integrator are sampled for further
processing on a GP computer.

(3) Analog - the pencil-of-functions processing is
implemented using analog components and only the inner
products for the Gram matrix are sampled using A/D
converters. These samples are then used in a GP
computer for solution of the appropriate equations.

These implementations are discussed in paragraphs B, C, and D
below and the results of the implementation feasibility study
are reported.

B. DIGITAL IMPLEMENTATION

The digital implementation of the identification technique
is shown in Figure 6. A signal generator excites the nonlinear
system with the appropriate sum of decaying exponential func-
tions. This input and the resultant nonlinear system output are
amplified and converted into digital form via A/D converters.
The resultant samples are stored in memory for future nonreal-
time processing on a general-purpose digital computer using the
program described in Section II.A. These input and output
samples are then numerically integrated to form the appropriate
inner product entries of the Gram matrix for the pencil-of-
functions method of system identification.
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The requirements for each element of the digital implemen-
tation of Figure 6 are discussed in detail below.

1. A/D Converter

a. Requirements

A key element of the digital implementation of
Figure 6 is the A/D converter used to obtain the input and
output data samples for identification processing. The study
determined the required performance specifications for the A/D
converter to achieve satisfactory identification technique
performance and also assessed the state of the art in commer-
cially available A/D converters to determine if the required
specifications can be met. Performance specifications for A/D
converters are numerous but the major parameters inpacting
technique performance are resolution and conversion time. The
requirements for these parameters were established during the
study.

The identification processing computer simulation
was modified to include an A/D converter model which is des-
cribed in detail below.

b. Simulation Model

The A/D converter simulation model is illustrated
in Figure 7.

MSB N BITS

NPWA/D CONVERTER 1 -0OUTPUT = W

INPUT W-- )E

Figure 7. A/D Converter Simulation Model

The simulation inputs for the A/D converter are: (1) the
most significant bit magnitude (MSB) and (2) the number of bits
of resolution of the A/D converter (NBITS). The simulation con-
verts the input to the A/D converter to a digital representation
according to the input-output representation of Figure 8.

The level L in Figure 8 corresponds to the

magnitude of the least significant bit. The least significant
bit is related to the most significant bit by the relation
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OUTPUT

3L

2L

L 2L 1 4L INPUT

-L L LEAST SIG. BIT
XSMB = MOST SIG. BIT
NBITS -1 BITS OF MAGNITUDE

-2L 1 BIT OF SIGN

-- 3L

OUTPUT

_ _ _ _ _ INPUT

XMSB

Figure 8. Digital output Voltages vs. Input Voltage
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L = MSB/ 2(NBITS
- 2 ) (45)

This assumes that one bit is used to indicate the sign (positive
or negative) of the input signal.

The output of an A/D converter is a string of
digital l's and O's that represent the input voltage level. The
simulation model of the A/D converter produces a decimal number
that is the equivalent of these l's and O's. The output of the
A/D converter is given by

NBITS-I (MSB.

W' = SIGN ( E Si
i=l 2

for £ E: {0, 11 (46)

where SIGN = + depending on polarity of input voltage W.

From Figure 8, if

2MSB - L < W < 2MSB - L (47)

then the input voltage W is not hard limited by the A/D con-
verter. This level determines the value of MSB to be used in
the simulation to obtain greatest resolution for a given con-
verter size.

The A/D converter simulation model is given in its
FORTRAN representation in Figure 9.

Most commercially available A/D converters have a
fixed full-scale input signal level (typically ±5 or ±10 volts).
This input signal level determines the magnitude of the most sig-
nificant bit at the A/D converter output. This implies that an
input to the A/D converter will need to be amplified to the full
scale input voltage level in order to obtain maximum resolution
out of the A/D. This presents little problem to the identifi-
cation technique if the amplifier is ideal (infinite bandwidth,
linear) since its effect can be removed in the nonreal-time
processing of the GP computer. Consequently, the simulation
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SUBROUTINE ATOD(W,XMSR3,NBIT5)
IF(NRITS.LE.0) (00 TO 80
U2=0.0
S I (N=- I.

X ~w
D=2.0*XMSB
XW=XW*S IGN

20 DELTA2=XMSB
DO 30 I=I,NBITS-I

30 DELTA2=DEL-TA2/2.
WOUT=2 . *(XMSB-DELTA2)
DO 5 I=I,NF3ITS
D=D/2.O)
Y=DABS (XV4-U2)
IF(Y.LE.DELTA2) WoIUT=[J2
X =U2-D)
IF(XN.GE.U2) X=02+D

5 L)2=X
IF(XkW.LT.DELTA2) VIOUT=0.0

IF(XW.GE.(2.*XMSB-D/2.)) PRINT."1A/D 1HARD LIMITED SAMP~LE6

70 W=WOUT*SIGN
80 RETURN

E NDI

Figure 9. Listing of FORTRAN Subroutines for
A/D Converter
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assumes, at this point of the study, that an ideal amplifier is
used and the most significant bit of the A/D converter is set
according to the level of the function input to it. The effects
of a non-ideal amplifier are evaluated in paragraph B.9. below.

c. Performance Evaluation

Two representative systems were used to evaluate
the performance of the identification technique and assess
requirements for the components of the digital implementation.
The first is a two-pole system whose linear and second-order
impulse responses were determined in Reference 1. The second is
a four-pole system introduced to evaluate the effects of system
complexity (number of poles, N, in linear model) on technique
performance. The details of these systems and the performance
results are presented below.

(1) Two-Pole System Analysis and Results

The initial system selected for investigation
was a two-pole linear system with an impulse response given by

h(t) = 2.8069192 x 105 e
- 0 .0 1 1 5 5 0 9 9 8 (2 T x 106 )t

-2.7368441 x 108 e-1 0 .6 1 6 9 8 6 (21Tx 106 )t (48)

This is a linear representation of the amplifier shown in Figure
10. The poles of the system are at 11.550998 KHz and 10.616986
MHz.

The input to the system was selected to be

x(t) = (1 x 10 - ) e u(t) (49)
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25 V

0.01 jPf 0.01 Pif

1.7 K1i2 1.98 KQi

8100 pf

2N2950

50 Q 50 Q2

Vg

Figure 10. Common Emitter Amplifier Circuit
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where u(t) is a unit step function. This corresponds to the
input level required to excite the circuit in Figure 10 in
linear operation. The resultant output is given by

S 2. 82744 x 10- 4 e-0.011550998 (2 7 x 10 6)ty(t)=

+0 -10.616986 (2F x 106 )t+4.82616765 x 10 -e

-4.85444205 x 10 - 2 e-10 7 t) t 0 (50)

These representations of y(t) and x(t) were
used in the computer program as the inputs to the A/D converter
of Figure 6. To establish a baseline for performance compar-
ison, the initial simulation run was made without an A/D conver-
ter. The accuracy of the samples was equivalent to the GP
computer machine accuracy. This result is presented in Table 2
for an integration time of 9.6 X 10-6 second. Variation of tne
integration time and sampling interval indicated that the 9.6 jis
integration time resulted in best performance. Results for
other integration times/sampling intervals are shown later in
this section. The results of Table 2 indicate that excellent
performance is achieved using the identification technique. The
percentage error on all poles and residues is less than 0.05
while the normalized mean squared error is 0.41 X 10-8. As
noted earlier, the minimum level of acceptable performance was
set to the normalized mean squared error corresponding to a
10-percent error in each residue and pole. For the system
described by equation (48), a 10-percent error in each pole and
residue corresponds to a normalized mean square error of

NMSE(1 0 %) = 0.63 X 10 - 3 . (51)

The simulation was exercised for vari(is
levels of A/D resolution from 8 to 24 bits and the resilts are
presented in Table 3. Figure 11 is a plot of normalized mean
squared error as a function of A/D converter resolution. Figure
11 and Table 3 results indicate that litLle performance improve-

ment is gained for A/D converters in excess of 16 bits resolu-
tion. The minimum performance level is exceeded for A/D con-
verters with 10 bits or more resolution.
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Another performance measure is indicated in
Table 4 which corresponds to the maximum error in the magnitude
squared of the transfer function, IH(s)1 2 , over the frequency
range of 1 kHz to 100 MHz. This error is less than 0.06 dB for
A/D converters with more than 12 bits resolution.

These simulation runs were repeated for dif-
ferent integration time periods and sampling intervals. These
results are tabulated in Tables 4 to 6 and are summarized in
Figure 12. These results indicate that no significant
difference in performance is noted for integration times of
4.8 jis or greater.

(2) Four-Pole System Analysis and Results

The two-pole system identification example
presented above leads to the conclusion that it is feasible to
consider an experimental implementation of the identification
technique (as far as A/D converter resolution requirements are
concerned). It is necessary to consider systems with more than
two poles because, as the system complexity (number of poles)
increases, the computational load increases and it is expected
that the impact of error in the input and output samples will be
greater. Therefore, a four-pole system was investigated to
determine the effect of system complexity on implementation re-
quirements and performance.

The four-pole system considered had an im-
pulse response given by

h(t) = 2.8069192 x 105 -0.011550998 (2rx 10 )t

-1.20 x 107 e - 0 " 5 1 0 (2 7x 10 6)t

7 -0.82 (2 T x 10 6)t
+1.51 x 10 e

-1.61 x 108 e - 6 "5 0 (2 T x 106 )t (52)

Several trial runs led to the selection of a 4.8 ts integration
time and a 1.5 ns sampling interval. The initial set of results
was run for a perfect A/D converter. These results are pre-
sented in Table 7. The results for this example indicate
acceptable performance of the identification technique; however,
the performance is not as good as was achieved for the two-pol,
example. There are several potential reasons for this lower
level of performance. The first explanation is the increased
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TWO POLE SYSTEM
POLES AT LEGEND INTEGRATION TIME SAMPLING INTERVAL

A1  -11.550998 kHz (us) (ns)

1 2  -10.616986 MHz 9.6 4
O 7.2 3

0 4.8 2

o"1 0 2.4 I

10"2
.- - MINIMUM PERFORMANCE LEVEL

0
U)

c \ 

\oo

10
. 6

10.8 - -- -

BASELINE PERFORMANCE NO A/D CONVERTER

10"-
0 4 8 12 16 20 22

BITS OF A/D CONVERTER RESOLUTION

Figure 12. Results of A/D Converter Resolution
Simulation Runs for Two-Pole System
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computational load required to form the inner products for the
Gram matrix. Each integration of input and output using the
Simpson's rule integration technique results in a reduction of
the number of samples that can be used for the next integration.
This is illustrated below.

Consider the output samples Yl(O), yl(T),
yl(2T),..., yl(2nT), where nT is the nth sample and T is the
sampling interval. The integral of yl(t), Y2 (t), as obtained
using Simpson's rule, is given by the samples

Y2(0), Y2 (2T), Y2 (4T),...,y 2 (2nT).

It is noted that there are only nT samples of

Y2 (t) whereas there were 2nT samples of yl(t). As this output
is successively integrated, the time distance between samples
increases and the numerical accuracy of the integration tech-
nique is expected to decrease. This will have an adverse effect
on the performance of the identification technique and is a
contributor to the difference in performance achieved for a
two-pole system and four-pole system.

A second potential reason for the performance
degradation of the identification technique is the wide-band
nature of the selected system. Previous studies (Reference 6)
have demonstrated that the technique should not be applied
directly to wide-band systems. For these systems, the frequency
range is divided into low, medium, and high ranges and the tech-
nique is applied to each range of the frequencies. The result-
ant transfer functions are then appropriately merged to form the
total system transfer function. These are two explanations of
the performance degradation experienced as system complexity
increases. Part II of this study will consider this phenomenon
in more detail.

The performance results of Table 7 were based
on a perfect A/D conversion capability. The effect of A/D
converter resolution on technique performance was investigated
and the results are presented in Table 8.

The results of Table 8 indicate that satis-
factory performance of the identification technique is achieved
for an A/D converter with 20 bits or greater resolution. The
results indicate that the identification technique predicts
system poles with acceptable accuracy for a A/D converter of
12-14 bits resolution. However, the predicted residues are
significantly in error for A/D conversion with less than 20 bits
of resolution.

" w -- - II II I I I ',17



TABLE 8. SIMULATION RESULTS FOR LEVELS OF A/D CONVERTER RESOLUTION,
FOUR-POLE SYSTEM, INTEGRATION TIME = 4.8 ws, SAMPLING INTERVAL = 1.5 ns

Predicted Normalized
Number of System Poles Percentage Predicted Percentage Mean Squared

A/D Bits (MHz) Error System Residues Error Error

No A/D 0.011279618 -2.35 2.789548 x 105 -0.619
Converter

0.4988702 -2.18 -1.048074 x 107 -12.66
0.103 x 1

-

0.8540037 4.14 1.3534398 x 107 -10.36

6.453757 -0.711 -1.594465 x 108 -0.964

24 0.011284216 -2.3 2.791535 x 105 -0.548

0.49891 -2.17 -1.062 x 107 -11.5
0.108 x 10

- 5

0.853884 4.13 1.39232 x 10
7  

-7.79

6.454 -0.707 -1.6059077 x 108 -0.254

20 0.011199456 -3.04 2.8101495 x 105 0.115

0.498283 -2.297 -1.2463 x 107 3.86 0.2 x 10-2

0.855755 4.36 1.921179 x 107 27.2

6.4495 -0.776 -1.764755 x 108 9.6

16 0.01050104 -9.1 3.337596 x 105 18.9

0.492189 -3.49 -5.46427 x 107 355.0
0.131 x 101

0.877295 6.99 1.48004 x 108 880.0

6.40103 -1.52 -5.695889 x 108 253.0

14 0.01269649 5.35 4.7975 x 105 70.9

0.4992365 -2.11 -1.634088 x 108 1261.0
0.13 x 102

0.86406 5.37 4.474 x 108 2862.0

6.455498 0.684 -1.4533 x 10
9  

802.0

12 0.01381562 19.6 1.6083188 x 107 5629.0

0.519115 1.78 -1.480015 x 1010 1.23 x 105

0.8355322 1.89 3.653195 x 1010 2.41 x 105

6.473508 -0.407 -1.0109 x 1011 6.27 I 104
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This reflects the impact of errors that

result when the system output is numerically integrated four
times.

These results suggest difficulty in achieving
identification of systems with four or more poles because the
maximum resolution of commercially available A/D converters is

16 bits.

d. A/D Conversion Time Requirements

In addition to resolution, another important A/D
converter performance parameter is conversion time. The conver-
sion time is defined as the time required for a complete measure-
ment by an analog-to-digital converter. The conversion time
defines the rate at which the input to the A/D converter can be
sampled.

The sampling interval impacts the performance of
the identification technique since numerical integration tech-
niques are used to form the Gram matrix inner products. In
order to determine the sampling interval required for satisfac-
tory performance of the identification technique, the sampling
rate was varied using the computer simulation. A summary of
results is presented in Tables 9 through 13. Table 9 presents
the results for a perfect A/D converter and Tables 10 to 13
present results for 16, 14, 12, and 10 bit A/D converters,
respectively. These results are plotted in Figure 13.

These results indicate that the sampling interval
should be on the order of 8 nanoseconds for the system output

with an upper break frequency of 10.62 MHz. It is also observed
that this interval can be increased to 24 nanoseconds with a
slight degradation in performance. This implies that the sam-
pling rate is between 41.6 and 125 MHz for a 10.6 MHz signal.
If the Nyquist rate is defined as being twice the highest break
frequency of the output function, or 21.2 MHz, the recommended
sampling interval for the two-pole system investigated is approx-
imately 2 to 6 times the Nyquist rate.

These conclusions could change as more complex
(N > 2) systems are taken into consideration. This is due to
the "shrinking number of samples" characteristic of the
Simpson's rule of integration. It is necessary to sample the
output of the system under test at a rate sufficient to generate

enough samples for the final integration.

It is clear from these results that the sampling

rate required is driven by the need for accuracy of numerical
integration and not by Nyquist sampling constraints.
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e. Second-Order Impulse Response Identification

The primary goal of the identification technique
is to identify the second order impulse response of a nonlinear
system. It has been shown (Reference 1) that the functional
form of the second-order impulse response, h2 (tl,t 2 ) is given by
equation (25).

The second-order response of a nonlinear system to
an input given by

L -. t
x(t) E e 1 u(t) (53)

i=1

has also been shown to be (Reference I) given by

M N L L
Y 2(s) E E E E ARkkl 1ji k2=1i=1 j= 1 2

+ a. + 2a

ai 1

(a. + ak i + a)(. + a + a +a ) S- (a )ak1 ak1  j ak1  k2  + ak2

1 1
(aj + ak )(o i+ a)s + (aak)1k 1 k2 (cj-a2

1 1

(O i+ )(a.+a ) s + (a i  a a )

a + a. + 2ak2

( j + )(a + )(ai + ac + a a ) ++ ak2

(54)

where
a.j ak for j = 1...,L; k I = 1,.... M

a. + cc + a k+ ak2 10 for i,j = 1,..., L; k1  I .. M;

ak 1 ak2 for k2  
=  1... N; k I  = N + l .... , M.
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The quantities ak1 , ak2 , M and N were shown in
Section II to be known from idefti fication of the linear impulse
response, hl(t). The remaining unknown quantities Ak k are
identifiable from the residues of the second-order resose.
These residues are given by the equation

R = C-Iy (56)

where

R 1

R 2

R = residue matrix R3

RN (57)

Y (T)
2

Y3 (T)

Y = output matrix Y 4(T)
!4

YN+I(T) (58)

where

yi = (i - 1)th integral of y(t)

C = N x N matrix whose ijth element is defined by

p.(T )  i x +(T)

A m=1 (X) i +lm (59)

where
T (T-T)

P.(T) = f e j x( ) di
0 ( 60)
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xi(T) = ith integration of input x(t) from t = 0 to t = T

xi(t) = 6(t), unit impulse

The key impact of identifying the residues of
Y2(s) on the implementation requirements is the need to
accurately measure Y2(T), Y3 (T),..., YN(T), which are the
integrated outputs of the nonlinear system. This is explained
in detail below.

The system is excited by a input consisting of a
sum of decaying exponential functions. The amplitude is
selected to excite the linear and second-order responses of the
system under test. The system output is yl(t) + Y2 (t) where
yl(t) is the linear response and Y2(t) is the second-order
response. The identification technique operates on Y2(t) so
there is a need to isolate Y2 (t) from the total response y1 (t)
+ Y2(t). However, since the linear impulse response of the
system under test will have been identified previously, the
function y1 (t) is known. Therefore Y2 (t) can be isolated from
Y1 (t) + Y2(t). A potential problem arises because Y2 (t) is
typically small in magnitude compared to yl(t). The implementa-
tion equipment will measure yl(t) + Y2 (t) to the prescribed
resolution of the A/D converter but the resolution of y2(t) will
be lower because the most significant bit of the A/D will be
assigned on the basis of the peak magnitude of the input yl(t)
+ Y2 (t).

The purpose of this part of the investigation is
to determine the A/D converter resolution characteristics re-
quired to accurately identify the residues of Y 2 (s) and subse-
quently the Aklk. The second-order response of the nonlinear
system to be used in this study is given by

-3 e-0.11550998 (2 IT x 10 6)ty2 (t) (2.575137 x 10 e
-1.5725176 x 104 e-10.616986 (2 7T x 106)t

+2.3537485 e - 0 .0 23 1 0 1 996 (2 T x 106 )t

- 3.3239E5 x 103 e- 2 1 .2 3 3 9 7 2 (2 n x 106 )t

- 1.3645 e-1 603100 (2 n x 106 )t

+ 1.9755175 x 104 e-12.208535 (2 T x 10 6)t

9.051956 x 102 e-3.1830988 (2 n x 106 )t 
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where the input is

x(t) = 10 - 2 e1 0 7 u(t). (62)

This corresponds to an approximate representation
of the second-order response of an amplifier circuit whose
linear impulse response is given by (Reference 1)

5 -0.011550998 (2 x 10 6)t
h(t) = 2.8069192 x 10 e

-2.7368441 x 108 e- 10 .6 16 986 (2 w x 106)t) u(t) (63)

This is the two-pole system being considered in
detail during the study. The expression for the second-order
response Y2 (t) is approximate because the actual response would
have natural frequencies at

1  = -10.616986 
(2 fr x 10 )

s2 = -10.628537 (2 7 x 10 ) (64)

These poles arise from the two poles of the linear impulse
response [(sl = 0.011550998(27r x 106) and s2 = 10.616986
(2 "x 106)] according to the relation

Sl = X 2

s =A + A 2 (65)

Previous analyses (Reference 1) have shown that
these poles will cause computational problems in evaluating the
residues due to matrix inversion. In order to avoid this
problem at this point of the study, Y2(t) was assumed to have a
single pole at S1 = X 2 with a residue given by the sum of the
residues of X1 and Al + X2~given in Reference 1. The problem of
poles of the form X2 + Xi 

= X 2 will be addressed in Part II of
this study.

This second-order response was used in the
computer simulation of the identification technique. The
results are shown in Table 14. The most significant bit of the
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TABLE 14. SECOND-ORDER RESPONSE RESULTS FOR A/D CONVERTERS, INTEGRATION
TIME = 3.2 ws, SAMPLING INTERVAL = 1 ns, MSB SET FOR yl(t)

Predicted Normalized
Number of System Poles Percentage Predicted Percentage Mean Squared
A/D Bits (MHz) Error System Residues Error Error

No A/D 0.011545154 -0.0506 0.0577 0.2 x 104
Converter

10.615088 -0.0179 -1.5745944 x 10
4  

0.132

0.02309028 -0.0506 2.3011404 -2.23

21.230176 -0.0179 -3.33472 x 10
3  

0.324 0.294 x 10
-6

1.6030958 -0.00036 -1.455635 6.68

12.206638 -0.0155 1.978457 x 104 0.149

3.1630998 0 -9.047332 x 102 -0.051

16 0.011537262 -0.1189 -0.378 -0.148 x 1O5

10.621939 0.0466 -1.593702 x 104 1.34716

0.02307452 -0.1189 2.8255933 x 10
3  

20.05

21.243878 0.0466 -3.4012 x 103 2.32 0.694 x 10
- 5

1.60308669 -0.000856 -2.820757 106.72

12.213488 0.0406 2.00318 x 10
4  

1.4

3.1830988 0 -9.003308 x 102 -0.537

14 0.01157308 0.1911 5.56 0.2 x 106

10.5600624 -0.536 -1.4429517 x l04 -8.24

0.02314616 0.1911 -3.68104 256

21.120125 -0.536 -2.8700895 x 103 13.7 0.207 x 10
- 3

1.60312251 0.00138 6.4197 -570.

12.1516118 -0.466 1.8074497 x 10
4  

-8.5

3.1830988 0 -9.3215 x 102 -2.9
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TABLE 14. SECOND-ORDER RESPONSE RESULTS FOR A/D CONVERTERS, INTEGRATION
TIME = 3.2 ps, SAMPLING INTERVAL = 1 ns, MSB SET FOR yl(t) (Continued)

Predicted Normalized
Number of System Poles Percentage Predicted Percentage Mean Squared
A/D Bits (MHz) Error System Residues Error Error

12 0.011565797 0.128 48.29 1.82 x 107

10.575364 -0.392 -7.29475 x 10
3  

-53.6

0.02313159 0.128 -4.9039826 x 101 -2.18 x 103

21.150728 -0.392 -3.602589 x 102 -89.2 0.931 x 10-2

1.603115228 0.00092 5.989077 x 101 4.49 x 103

12.166913 -0.34 8.851946 x 104 -55.19

3.1830988 0 -1.132547 x 103 25.11

10 0.010017392 -13.27 12.1 4.7 x 105

10.355187 -2.465 3.967 x 103 -125.2

0.020034784 -13.27 -21.20 -1000.

20.710374 -2.465 2.559803 x 103 -177. 0.0242

1.60156682 -0.095 2.63355 x 102 -1.94 x 104

10.365204 -2.1 -4.729866 x 103 -123.9

3.1830988 0 -1.736826 x 103 91.87

8 0.0048517152 -58. -0.662 -2.58 x 104

10.942193 3.06 -5.3947137 x 104 243.0

0.00970342 -58. -6.08179 -358.4

21.884386 3.06 -1.7776168 x 104 434.8 0.254

1.59640114 -0.418 1.6418216 x 10
3  

-1.21 x 104

12.533742 2.66 7.049036 x 104 256.8

3.1830998 0 -7.8 x 102 -13.8
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A/D converter was set by the peak level of the system total
response, Yl(t) + y2 (t). A plot of normalized mean squared
error as A/D converter resolution is given in Figure 14.

These results indicate that 14 to 16 bits of
resolution is required to achieve a reasonable level of per-
formance.

Another set of simulation runs was made assuming
that Y 2 (t) could be isolated from the total response yl(t)
+ Y2 (t) prior to A/D conversion. This makes it possible to set
the most significant bit of the A/D converter based on the peak
magnitude of Y2(t). These results are presented in Table 15. A
plot of normalized mean squared error versus A/D converter
resolution is provided in Figure 15.

These results indicate that 10 to 12 bits of
resolution are sufficient if yl(t) can be removed from the total

response yl(t) + Y2(t) before A/D conversion. This will be, at
best, difficult to achieve. This issue of separation of
responses will be addressed in more detail in Part II of this
study.

f. Additional A/D Converter Requirements

Previous paragraphs have concentrated on the A/D
converter parameters of resolution and conversion time. (Cost
considerations are provided in paragraph g. below). Conversion
time and resolution are the key parameters because they place
the most restrictions on the systems to which the identification
technique can be applied. However, numerous other A/D converter
characteristics must be taken into account when specifying an
A/D converter. These include maximum rate of change of input,
and absolute accuracy, among others.

The slew rate is an indication of the maximum rate
of change of the input that the A/D converter can tolerate and
still respond to individually important samples of the input.
It is given by (Reference 7).

dV = N
/T t

max VFS/cnvert

where N is the number of A/D converter bits

VFS is the full scale input voltage
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TABLE 15. SECOND-ORDER RESPONSE RESULTS FOR A/D CONVERTERS, INTEGRATION
TIME = 3.2 Ls, SAMPLING INTERVAL = 1 ns, MSB SET FOR Y2 (t)

Predicted Normalized
Number of System Poles Percentage Predicted Percentage Mean Squared
A/D Bits (MHz) Error System Residues Error Error

No A/D 0.011545154 -0.0506 0.0577 2.0 x 103
Converter

10.615088 -0.0179 -1.5745944 x 104 0.132

0.02309028 -0.0506 2.3011404 -2.23

21.230176 -0.0179 -3.33472 x 103 0.324 0.294 x 10
- 6

1.6030958 -0.00036 -1.455635 6.68

12.206638 -0.0155 1.978457 x 10
4  

0.149

3.1830988 0 -9.047332 x 102 -0.051

16 0.011537262 -0.1189 -0.01467389 469.8

10.621939 0.0466 -1.5775605 x 104 0.220689

0.02307452 -0.1189 2.3429884 -0.457

21.243878 0.0466 -3.344544038 x 10
3  

0.6194 0.6 x 10-6

1.60308669 -0.000856 -1.4023495 2.774

12.213488 0.0406 1.98233284 x 10
4  

0.345

3.1830988 0 -9.05040566 x 102 -0.0173

14 0.01157308 0.1911 0.264 1.01 x 104

10.5600624 -0.536 -1.55101118 x 104 -1.37

0.02314616 0.1911 2.1085 -10.42

21.120125 -0.536 -3.2665676 x 10
3  

-2.03 0.292 x 10
-5

1.60312251 0.00138 -1.9131 40.2

12.1516118 -0.466 1.9476245 x 10
4  

-1.412

3.1830988 0 -9.0221021 x 10
2  

-0.33
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TABLE 15. SECOND-ORDER RESPONSE RESULTS FOR A/D CONVERTERS, INTEGRATION
TIME = 3.2 ws, SAMPLING INTERVAL = 1 ns, MSB SET FOR Y2 (t) (Continued)

Predicted Normalized
Number of System Poles Percentage Predicted Percentage Mean Squared
A/D Bits (MHz) Error System Residues Error Error

12 0.011565797 0.128 0.0599084 2.2 x 104

10.575364 -0.392 -1.5615083 x 104 -0.7

0.02313159 0.128 2.33371 -0.85

21.150728 -0.392 -3.291855 x 103 -0.96572 0.681 x 10-6

1.603115228 0.00092 -2.176462348 59.2

12.166913 -0.34 1.961258392 x 104 -0.72

3.1830988 0 -9.0163858 x 102 -0.393

10 0.010017392 -13.27 7.2988 2.8 x 105

10.355187 -2.465 -1.703214 x 104 8.311

0.020034784 -13.27 2.48552 x 102 1.04 x 105

20.710374 -2.465 -3.5576623 x 104 7.03 0.247 x 10
-4

1.60156682 -0.095 -8.938179 x 102 6.54 x 10
4

10.365204 -2.1 2.1137867 x 104 6.999

3.1830988 0 -1.2048383 x 102 -0.00867

8 0.0048517152 -58. -0.002157 -16.2

10.942193 3.06 -1.5334697 x 10
4  

-2.48

0.00970342 -58. 1.9260158 -18.17

21.884386 3.06 -3.1433888 x 103 -5.43 0.118 x 10
-

1.59640114 -0.418 1.0950628 x 101 -902.

12.533742 2.66 1.9252994 x 10
4  

-2.54

3.1830998 0 -9.5911069 x 10
2  

5.95
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Tconvert is the conversion time

If the input signal changes at a rate faster than this maximum,
1 LSB changes in the input cannot be resolved within the
sampling period. This problem can be alleviated somewhat by
using a sample and hold circuit at the input to the A/D con-
verter. Between conversions, the sample and hold acquires the
input signal, and, just before conversion takes place, the
signal is placed in hold, where it remains throughout the con-
version.

If a sample and hold is used, the rate of change
of the input is limited by

dV 2- N /L (67)
dt max FSapu

where tapu is the aperture time of the sample and hold. The
aperture time of a typical sample and hold is on the order of 2
to 3 ns. This eases the problem described above. The signal
conditioning using the sample and hold also tends to improve
overall accuracy of the A/D conversion process.

The absolute accuracy error of an A/D converter is
the difference between the analog input theoretically required
to produce a given digital output code and the analog input
actually required to produce that same code (Reference 7).
Absolute accuracy error can be caused by several different
sources of error. A good A/D converter will have an absolute
accuracy of ± 1/2 LSB. This implies that the performance of a
16 bit converter will lie somewhere between the performance
predicted for a 16-bit converter and a 15-bit A/D converter.

Other A/D converter parameters, such as input full
scale voltage and output code, are not as important as those
discussed above. In general they need to be addressed for the
particular system under consideration.

g. Survey of Currently Available A/D Converters

The objective of this phase of the study was to

survey the characteristics of commercially available A/D
converters to determine if the requirements of paragraphs B.2.c
and d above can be met. The key characteristics of interest for
this survey were the number of bits of resolution, the
conversion time, and the cost. Many companies manufacture
commercially available A/D converters, and, of course, these
converters vary in performance and cost over a very broad range.
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It is not warranted to present a detailed listing of all avail-
able A/D converters in this report. Therefore only the general
characteristics of these converters will be listed and a

selected few will be reviewed in detail. Data for this survey
was obtained from A/D converter specification sheets obtained
from the following manufacturers (listed in alphabetical order):

Analog Devices, Inc.
Analogic Corp.
Beckman Instruments, Inc.
Burr-Brown Research Corp.
Computer Labs, Inc.
Datel Systems, Inc.
DDC - ILC Data Device Corp.
Fairchild Semiconductor
Ferranti Electric
Hybrid Systems Inc.
Intech
Intersil, Inc.
Micro Networks Corp.

National Semiconductor
Precision Monolithics, Inc.
Teledyne Semiconductor
Texas Instruments, Inc.
TRW LSI Products
Zeltex, Inc.

The range of available A/D converters is illus-

trated in Figure 16, which is a plot of A/D converter resolution
bits vs conversion time, for converters with less than 1 ms
conversion time. Each X represents a device corresponding to a
given resolution and conversion time manufactured by one of the
companies listed above.

Figure 17 is a plot of minimum conversion speed
for each level of resolution. The conversion time is converted
to maximum input frequency in Figure 18. Figure 18 indicates
that A/D converters of high resolution (14 to 16 bits) cannot
accurately convert signals of frequency greater than 100 to 125
kHz. This imposes a significant restriction on the applicabil-
ity of the identification technique since the results indicate
that 14 to 16 bits of A/D converter resolution is generally
needed for satisfactory performance. This frequency restriction
is even more constrained (20 kHz) when sampling requirements are
taken into account.

The general trend of Figure 17 is that the
conversion time increases as the resolution increases. The
current development trend seems to be directed toward the 8 to
12 bit resolution A/D converter. The 16-bit A/D converters are
significantly more costly than a lower resolution converter
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(8-12 bits) and not too many devices have appeared on the
market. Commercially available 16-bit A/D converters are listed
in Table 16.

TABLE 16. COMMERCIALLY AVAILABLE A/D CONVERTERS

Conversion Cost
Time (ns) Manufacturer (dollars)

8 Intech 1500.

10 Zeltex 750.

20 Zeltex 750.

25 Analogic 1395.

30 Analogic 895.

32 Zeltex 750.

40 Intech 460.

100 Micro Networks 220.

5,000 Analog Devices 1720.

100,000 Analogic 210.

200,000 Burr Brown 270.

250,000 Intersil ---

2. Amplifier Requirements

The digital implementation of the identification

technique shown in Figure 6 indicates a pre-A/D converter ampli-
fier. The purpose of this amplifier is to adjust the output of
the system under test to the full-scale input level of the A/D
converter. Most commercially available A/D converters have a
normalized analog input signal level of ±5 or ±10 volts. In
order to make complete use of the resolution capability of the
A/D converter, it is necessary to adjust the level of the output
of the system under test to this input level. For example, con-

sider the two-pole system discussed in paragraph III.B.l.c.(2).
This is a representation of the linear portion of an amplifier
(Reference 1) and is valid only for low level input voltages (on
the order of 1 millivolt). The peak system response to a 1
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millivolt input is also on the order of millivolts. If a stan-
dard 16-bit A/D converter with a full-scale input voltage level
of 10 volts were used in the digital implementation of the iden-
tification technique, the samples of the system response would
be accurate to only about 5 bits of resolution.

This need for a pre-A/D converter amplifier complicates
the identification process. This complication arises because
the A/D converter samples the output of the cascaded nonlinear
system and the amplifier. The identification technique
processes these samples and will attempt to identify the total
system, which consists of the system under test in series with
the amplifier. This is illustrated in Figure 19.

IIDENTIFIED SYSTEM 1

GENERATOR I HI(s)HA )L J _

AMP AID

Figure 19. Identification Technique Model tc
Account for Amplifier

The identification technique attempts to identify the transfer
function

HT(s ) = H 1 (s) HA(S) (68)

where H1 (s) is the transfer function of the system under test
and HA(S) is the transfer function of the amplifier. The
primary complication introduced by the amplifier is one of
dimensionality. If Hl(s) has two poles and HA(S) has two poles,
the identification process will attempt to identify a four-pole
system. Since HA(S) will be known, there is no difficulty in
obtaining Hl(s) from HT(s). It will be necessary to maintain
the frequency extent of HA(S) approximately equal to that of
HI(s) to avoid the wide-band problem discussed in paragraph
III.B.I.c. However, the difference in the performance of the
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identification technique for a two-pole system and a four-pole
system was amply demonstrated in paragraph III.B.1.c.(2). These
results suggest that the amplifier may unduly degrade the per-
formance of the technique. It would therefore be advantageous
to devise an approach to alleviate the complication introduced
by the amplifier. Two approaches were considered during the
study and these are discussed below. The first approach to
solving the amplifier problem was to use an amplifier that is
very wide-band compared to the system under test. This approach
is based on the concept that the amplifier frequency response
will not significantly affect the frequency response of
interest. This is illustrated in Figure 20.

HA(S)

GAINI

(iW b W2

Figure 20. Frequency Extent Comparison for Test System
and Amplifier

If W I << W and w2 >> Wb' then

Hl(s) HA(S) H1 (s) (69)

Previous work on the pencil-of-functions technique (Reference 6)
has demonstrated that a system can be excited such that only a
limited region of its frequency extent significantly affects the
output. In order to determine the bandwidth requirements of
this amplifier, a set of simulation cases was run. The first
amplifier considered has a transfer function given b
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H A (s) = ( 1 +- 2 >W (70)

The Bode diagram of this transfer function is shown in Figure
21.

100

z

01
0 -) 2

Figure 21. Bode Diagram of Amplifier with Transfer
Function HAI(s)

This amplifier model was added to the computer
simulation. The system to be identified was the two-pole system
described in paragraph III.B.l.c.(1), whose transfer function is
given by

2.8069192 x 105 2.7368441 x 108HI(s) =6
s + 0.011550998 (27T) (106) 6 + 10.616986 (27) (106)

(71)
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The break frequencies of the amplifier, wl and W2, were
varied and performance of the technique was evaluated. Since w l !
determines the 3-dB bandwidth of tile amplifier, it is tile key
parameter to be evaluated. The number of poles of the system to
be identified was set to two in tile simulation. Therefore, the
identification process operates on the samples of the cascaded
system (system under test and amplifier) and attempts to
identify only two poles. The results of the simulation are
shown in Table 17 for different values of Wl and w2. The
normalized mean squared error is plotted as a function of wI in
Figure 22.

A 00 - [ TWO POLE SYSTEM
HA, -

2 
- PERFECT A/O CONVERSION
(1 I5$. ) 1 550998 k.,

10-2 2 100616986 MII,

0

I 0 "-

0- 6

0

10 to 0c 10000 100000
AMPLIFIER FREQUENCY 1(MH)

Figure 22. Normalized Mean Squared Error as
a Function of wl

Figure 22 indicates that an upper break frequency.of at-
least approximately 1000 times the upper break frequency of the
system under test is necessary to minimize the effect of the
amplifier on identification performance.
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TABLE 17. IDENTIFICATION TECHNIQUE PERFORMANCE FOR DIFFERENT AMPLIFIER
CONFIGURATIONS, PERFECT A/D CONVERSION, INTEGRATION

TIME - 9.6 ps, SAMPLING INTERVAL 4 ns

AMPLIFIER TRANSFER FUNCTION = I+(S/.I1 ]1 +S/__)

Filter Predicted Normalized
Poles (MHz) System Poles Percentage Predicted Percentage Mean Squared
wl, w 2  (MHz) Error System Residues Error Error

50 0.011696102 1.25 2.8233227 x 10
5  

0.584
0.57 x 10

- 2

100 8.0143939 -24.51 -2.0681498 x 108 -24.43

100 0.011612318 0.53 2.8139416 x 105 0.25
0.155 x 10-2

200 9.1377518 -13.93 -2.3570199 x 108 -13.88

200 0.011576915 0.224 2.8099455 x 105 0.108
0.389 x 10

- 3

400 9.8365571 -7.35 -2.537214 x 108 -7.29

400 0.011563444 0.1077 2.808394 x 105 0.0525
0.96 x 10

-4

800 10.217587 -3.76 -2.6351158 x 108 -3.72

800 0.01156185 0.0939 2.808174 x 105 0.0447
0.35 x 10

-4

1000 10.370997 -2.31 -2.6743464 x 108 -2.28

1000 0.011560029 0.0782 2.807956 x 105 0.0369
0.167 x 10

- 4

2000 10.447546 -1.596 -2.6938381 x 108 -1.57

2000 0.01155798 0.06 2.8077123 x 105 0.0282
0.49 x 10

-5

4000 10.524276 -0.873 -2.7133375 x 108 -0.859

4000 0.011550391 -0.0052 2.8068824 x 105 -0.0013
0.11 x 10-

5

8000 10.572337 -0.42 -2.7254702 x 108 -0.415

8000 0.011554565 0.0145 2.8073282 x 105 0.031
0.708 x 10

-
(

10000 10.581781 -0.33 -2.7279100 x 108 -0.33

10000 0.011548797 -0.019 2.8067059 x 105 -0.0076
0.256 x 10-6

20000 10.596042 -0.197 -2.7314685 x 108 -0.196

100000 0.011554792 -0.033 2.8073499 x 105 0.0153
0.13 :i I U

- 6

200000 10.601552 -0.145 -2.7329259 x 108 -0.143

- 0.011545154 -0.05 2.8063116 x I05 -0.02
0.411 X 10

-
8

10.615088 -0.0187 -2.7362615 x 108 -0.021
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The low frequency characteristics required of the
amplifier were investigated using an amplifier with a transfer
function of the form

K 1 +1

HA2 (s) =
2 3

(72)

e < e2 <

The Bode diagram of this transfer function is shown in Figure
23.

z
< 100

iI

0 W1 CJ2 0a3--

Figure 23. Bode Diagram of Amplifier with Transfer
Function IlA2 (s)
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The break frequencies of the amplifier were varied and
the performance of the identification technique evaluated.

These results are summarized in Table 18. A plot of
normalized mean squared error versus w 2 for w, = 2 /10 and
selected values of w3 is presented in Figure 24. These results
indicate that the lower break frequency of the amplifier, w 2 ,
should be, at least, approximately 1/i ')0 of the lowest break
frequency of the system under test to .nimize the impact of the
amplifier on the results.

HA(S) 

2 (S"W2) (S+- 3 )

W I,2/

10.2 • - -;-

103

0

0 c3 =400 MHz

< 10-5 77 1-..

- 3 = 2000 MHz

M 3  10000 MHz
03

-1 10-7 - -

0
10--8,I

IDEAL AMPLIFIER

10"9

1 10 100 1000

("2 FREQUENCY (Hz)

Figure 24. Identification Technique Performanc as a
Function of Amplifier Characteristic
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TABLE 18. IDENTIFICATION TECHNIQUE PERFORMANCE FOR DIFFERENT AMPLIFIER
CONFIGURATIONS, PERFECT A/D CONVERSION, INTEGRATION

TIME = 9.6 vis, SAMPLING INTERVAL = 4 ns

KI 1+(S/w 1) 1
Amplifier Transfer Function l+(S/2)][1+(S/w3)

Filter Normalized
Frequencies Predicted Percentage Predicted Percentage Mean Squared

(MHz) System Poles Error System Residues Error Error

wl = 0.0001 0.011597292 0.4 3.0406262 x 105 8.33
w2 = 0.001 0.78 x 10-

4

w3 = 400 10.340356 -2.6 -2.6666951 x 108 -2.56

wl = 0.00001 0.011554641 0.03 2.831267 x 105 0.867

w2 = 0.0001 
0.44 x 10

- 4

w3 = 400 10.344142 -2.57 -2.667433 x 108 -2.54

wl = 0.000001 0.011561775 0.093 2.8105734 x 105 0.13

w2 = 0.00001 0.45 x 10
- 4

w3 = 400 10.341452 -2.59 -2.6667401 x 108 -2.56

wl 
= 

0.0000001 0.011558284 0.063 2.8080413 x 105 0.04

w2 = 0.000001 0.436 x 10
- 4

w3 = 400 10.345566 -2.56 -2.6677372 x 108 -2.52

wI = 0.0001 0.011589247 0.33 3.0396171 x 105 8.29
w2 = 0.001 0.38 x 10

- 4

w3 = 2000 10.554968 -0.584 -2.7213314 x 108 -0.567

WI = 0.00001 0.011548494 -0.0217 2.8305334 x 105 0.841

w2 = 0.0001 0.26 x 10
- 5

w3 = 2000 10.553439 -0.598 -2.7207385 x 108 -0.588

wI = 0.000001 0.011555324 0.0375 2.8098128 x 105 0.103
w2 = 0.00001 0.234 x 10

- 5

w3 = 2000 10.55293 -0.603 -2.7206022 x 108 -0.593

wI = 0.0000001 0.011552592 0.0138 2.8073657 x 105 0.0159
w2 = 0.000001 0.215 x 10

- 5

.3 = 2000 10.5555751 -0.577 -2.7212768 x 108 -0.569

WI = 0.0001 0.011591676 0.352 3.0398925 x 105 8.3
w2 = 0.001 0.372 x 10

-4

W3 = 10000 10.589241 -0.261 -2.7300537 x 108 0.248

wI = 0.00001 0.011548645 0.02 2.8305346 x 105 0.841
w2 = 0.0001 0.659 x 10-6
W3 = 10000 10.59398 -0.217 -2.7310357 x 108 0.21

w1 = 0.000001 0.011558511 0.065 2.8101477 x 105 0.115
w2 = 0.00001 0.49 x 10

-
'

W3 = 10000 10.587531 -0.277 -2.7294168 x 108 -0.271

wI = 0.0000001 0.011553427 0.021 2.8074415 x 105 0.0186

w2 = 0.000001 0.266 i 10-6
W3 = 10000 10.595411 -0.2 -2.7313569 x 108 -0.2

mI = 0 0.011545154 -0.05 2.8063116 x 105 -0.02
= 0 0.411 x 10-8

3 = 0 10.615088 -0.0187 -2.7362615 x 107 -0.021
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This approach requires that the amplifier have a band-
width approximately 1000 times that of the system under test.
This is reasonable for test systems with bandwidths on the order
of 10 to 50 kHz. However, this places severe bandwidth require-
ments on the amplifier for test systems with 1 MHz bandwidth or
greater.

In view of these performance requirements for the
amplifier, another approach was investigated.

The second approach to alleviating the amplifier
problem employed linear system analysis techniques. Consider
once again the digital implementation of Figure 6. The input to
the A/D converter, in the Laplace domain, is given by

Yo(s) = Hl(s)HA(s)U(s) (73)

From a linear system point of view, this is equivalent to a
system with a transfer function, Hl(s), being excited with an
input of HA(s)U(s) or as shown in Figure 25.

U(S SYSTEM &VY

H H, (s) AW YoWS

HA(S U(s) SYSTEM
H I (S) o(S)

Figure 25. Linear System Equivalence Concept

This implies an equivalent technique implementation
(for processing only) given by that configuration shown in
Figure 26.
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GENERATOR AM ! ,1: 111T

IMPLEMENTATION
PROCESSING

Figure 26. Equivalent Linear System Representation
for Amplifier Analysis

This technique implementation was simulated for an
amplifier whose transfer function was of the form

HA(s) K
A + (+ 1  2

W 1 W 2(74)

The results of the performance simulation are presented
in Tables 19 and 20. Graphs of normalized mean squared error
for these results are shown in Figures 27 and 28. These results
suggest that best performance of the identification technique is
obtained when the upper break frequency of the amplifier is
approximately one to two times the upper break frequency of the
system under test. The reason for this behavior is that, for
the integration period needed to identify the low frequency
break point of the system under test, the high frequency com-
ponents of the system output generated by the high frequency
components of the input [HA(s)U(s)] have a negligible effect on
the inner products generated for the Gram determinant. There-
fore, the amplifier must have a frequency response essentially
matched in bandwidth to the system under test for this approach
to yield satisfactory performance.

The results indicate that similar performance is
obtained using either approach. Therefore, the approach used in
an actual test setup will depend on the characteristics of the
system under test.

The above analysis concentrated on the frequency
response characteristics of the pre-A/D converter amplifier.
These characteristics will have, as shown, a profound effect on
the performance of the identification technique. There are,
however, many other parameters that must be considered before
selecting an amplifier. These include gain, slew rate, input
impedance, common mode rejection ratio, and output voltage
swing, among others. The specification of these parameters
depends on the particular system under test and must be
evaluated accordingly.
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TABLE 19. IDENTIFICATION TECHNIQUE PERFORMANCE FOR DIFFERENT AMPLIFIER
CONFIGURATIONS, PERFECT A/D CONVERSION, INTEGRATION

TIME - 9.6 ps. SAMPLING INTERVAL = 4 ns

Filter Predicted Normalized
Poles (MHz) System Poles Percentage Predicted Percentage Mean Squared

w 1 . '2 (MHz) Error System Residues Error Error

25 , 0.011555324 0.0375 2.8024309 x 105 -0.16
0.134 z 10

-5

50 10.592746 -0.23 -2.7282039 x 108 -0.316

50 0.011536579 -0.12 2.7832421 x 105 -0.84
0.196 x 10-4

100 10.561845 -0.519 -2.7120376 X 108 -0.906

100 0.011554257 0.028 2.7741538 x 105 -1.16

0.47 x10
- 4

200 10.497776 -1.12 -2.6912371 x 108 -1.66

200 0.011531949 -0.164 2.8450411 x 105 1.36
0.909 x 10- 4

400 10.814967 1.86 -2.8077018 x 108 2.59

400 0.011543181 -0.0677 2.9494878 x 105 5.08
0.962 x 10

- 3

800 11.190547 5.4 -2.9555270 x 108 7.99

700 0.011498102 -0.457 2.9802372 x 105 6.17

0.153 x 10
- 2

800 11.395104 7.33 -3.0261627 x 105 10.6

2000 0.011502276 -0.42 3.0687918 x 108 9.32
0.322 x 10-2

4000 11.708577 10.28 -3.1528646 x 108 15.2

No Filter 0.011545154 -0.05 2.8063116 x 105 -0.02 0.411 a 10-8

10.615088 -0.0187 -2.7362615 x 108 -0.021
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TABLE 20. IDENTIFICATION TECHNIQUE PERFORMANCE FOR DIFFERENT AMPLIFIER
CONFIGURATIONS, PERFECT A/D CONVERSION, INTEGRATION

TIME = 9.6 ps, SAMPLING INTERVAL = 4 ns

Filter Predicted Normalized
Poles (MHz) System Poles Percentage Predicted Percentage Mean Squared

i. w2 (MHz) Error System Residues Error Error

10 0.011528838 -0.1918 2.8048702 x 105 -0.0908 0.597 x 10-6

11 10.650187 0.3127 -2.7449821 x 108 0.297

11 0.011566252 0.132 2.8083652 x 105 0.0515
0.389 x 10-

6

12 10.590722 -0.247 -2.7302155 x 108 -0.242

12 0.011539614 -0.098 2.8054255 x 105 -0.0532
0.148 x 1

-

13 10.633535 1.559 -2.7407930 x 108 0.144

13 0.011560636 0.0834 2.8076305 x 105 0.025 0.147 a 10-6

14 10.601234 -0.148 -2.7327608 x 108 -0.199

14 0.011588640 0.326 2.8015747 x 10
5  

0.13
0.17 a 0

-

15 10.561955 -0.518 -2.7230306 x 108 -0.505

15 0.011540601 -0.09 2.805308 a 105 -0.057 0.91 a 10
-7

16 10.629664 0.119 -2.7397023 x 108 0.104

16 0.011559574 0.074 2.8072548 x 105 0.0119
0.12 a 10-6

17 10.603475 -0.127 -2.7331924 x 108 -0.133

17 0.011514039 -0.3199 2.8022400 x 105 -0.166
0.133 x 10

- 5

18 10.666838 0.469 -2.7487678 x 108 0.435

18 0.011555627 0.04 2.8066038 x 105 -0.0112
0.93 x 10

- 7

19 10.606738 -0.965 -2.7338636 x 108 -0.1089

19 0.011542878 -0.0703 2.8051016 x 105 -0.0647 0.467 a 10-
7

20 10.621596 0.0434 -2.7374330 x 108 0.0215

20 0.011528307 -0.196 2.8033879 x 105 -0.126m 0.33 a 10-6

21 10.640706 0.223 -2.7420633 x 108 0.191

84



10K3  H 2 2 ,

[+/ 2 =/)[ I(w TWO POLE SYSTEM
HA( 0 -1 (S/(J1)j [01 +(5/'J2)1

10 OOP X, A -11.550998 kHz
- A2 = -10.616986 MHz

O -
j

0

z

a 10-4

iU

< 0

N 10-S1

0

0"7 100 200 300 400 500

AMPLIFIER FREQUENCY,0 I (MHz)

Figure 27. Identification Technique Performance as a Function of
Amplifier Characteristics
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The required gain of the amplifier is a function of the
peak output voltage of the nonlinear system under test and the
full-scale input voltage of the A/D converter. This gain can be
achieved, if necessary, by cascading multiple amplifiers with
similar frequency responses. Common mode rejection needs to be
considered because of the small signals that will most likely be
generated by the nonlinear system under test. Noise will be a
critical factor in implementing a viable experimental measure-
ment setup for the technique and the amplifier common mode
rejection capability is a measure of how well noise can be
eliminated from the amplifier output. The remaining parameters
(slew rate, output voltage swing, etc.) must be specified to be
compatible with the other devices of the measurement implemen-
tation and with the output of the system under test.

A survey of available amplifier characteristics reveals
again a multitude of devices and manufacturers. The wide-band
operational amplifiers have a gain-bandwidth product which
typically lies in the range of 10 to 200 MHz. (Teledyne
Philbrick and Burr Brown make operational amplifiers with a gain
bandwidth product of 1000 MHz. This was the maximum gain-
bandwidth product determined during the survey.) These devices
typically have a frequency response which is flat from dc to
BW/10, where BW = 3 dB bandwidth.

Several of these devices are recommended by the manu-
facturer for use as pre-A/D converter amplifiers in an implemen-
tation considered here.

The available amplifiers appear to be compatible with
the existing A/D converters for application to the identifica-
tion technique implementation for either of the two approaches
described above. The fastest high resolution A/D converter (14
to 16 bits) was on the order of 125 kHz sampling rate. In one
approach described above, the required amplifier bandwidth would
be 1000 times the upper break frequency of the system under
test. This upper break frequency would be less than 125 kHz due
to sampling considerations but an amplifier bandwidth of 1000
(125 kHz) = 125 MHz would provide the required frequency
response. This bandwidth is achievable with a gain of 8 using
the 1000 MHz gain bandwidth product device described above.
Cascading several of these devices will provide the required
gain. If the sampling requirements are taken into account, the
system un der test would be limited to 20 kHz which would
necessitate a 20-MHz amplifier bandwidth which is achievable
with the above device having a gain of 50.

The implementation feasibility of the digital configura-
tion of the identification technique does not appear to be
limited by amplifier technology at this point in time. The A/D
converter remains the critical component in the digital
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implementation and its characteristics will determine the
overall feasibility of implementing the identification
technique.

The amplifier survey was based on amplifier specifica-
tion data supplied by the following manufacturers:

Plessey Semiconductors
Analog Devices
Harris Semiconductor Products Division
Fairchild Semiconductor
National Semiconductor
Amplifier Research
M.S. Kennedy Corp.
Teledyne Philbrick
RCA
Precision Monolithics
Datel Systems, Inc.
Burr Brown Research Corp.

3. Signal Generator Requirements

The identification technique requires that an input
function of the form

N

x(t) = Z e -  u(t) (75)
i=l

be used to excite the system for identification of h2 (tl,t 2 ).
The identification of h1 (t) may use an arbitrary waveform
(Reference 4) but it would be convenient if the same waveform
generator could be used for identification of hl(t) and
h2 (tl,t 2 ).

The input, which consists of a sum of decaying
exponentials or even a single decaying exponential, is not a
convenient waveform in terms of commercially available signal
generators. The vast majority of waveform/signal generators
provide the square wave, sine wave and triangular waveforms with
pulse and frequency modulation options. No commercially avail-
able waveform generator with a specific exponential function out-
put was found during the survey of waveform generator manufac-
turing companies.
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The only potential signal generator candidate for use
in the identification technique was a system manufactured by
WAVETEK. This system was the WAVETEK Model 175 Arbitrary
Waveform Generator. This device is a programmable waveform
generator which permits the user to store waveforms as digital
points on a 256 x 255 grid. The data points are stored in four
random access memories (RAM) and are entered via a panel key-
board interface.

This signal generator is a very capable device but has
some limitations that will affect its use in the identification
technique. The output of the signal generator is piece-wise
continuous linear between sample points which results in a
distorted exponential input. The dynamic range of the device is
20 volts to 2 millivolts. This corresponds to a limitation
imposed by a 13 bit A/D converter operating on an analog wave-
form generator. The output amplitude resolution is 1/256 which
restricts the time period over which the exponential input can
be used for the identification technique.

For the two-pole example of interest, the input x(t)
S10-3e-l0

7tu(t) would be resolved only to a minimum amplitude
of 3.9 x 10-6 which corresponds to a integration period of
approximately 5.5 x 10- 7 second. Beyond this time period, the
input function would be zero.

Although the arbitrary waveform generator provides a
level of capability beyond the typical commercially available
waveform generator, it does not appear to meet the accuracy
requirements of the identification technique.

The conclusion of the survey of commercially available
signal/waveform generators is that no signal generator on the
present market can generate a sum of decaying exponential
functions. This requires that a circuit be designed to provide
this input.

There are several options available at this point. The
first option is to use the system shown in Figure 29.

0-H

Ein = p(t) EEout

Figure 29. RC Networks
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The output voltage of this system is

E0(s) = 1 (76)
S + RC

or, in the time domain

e0 (t) = e(-/RCt u(t) (77)

This is the function required -- a decaying exponential. The
circuit is driven by a unit step input which is easily generated
using standard equipment.

A sum of decaying exponentials can be generated using
several of these passive networks in parallel with their outputs
summed using an operational amplifier as a summary amplifier.
The time constants (1/RC) of each network are set by appropriate
selection of R and C. One requirement is that the input
impedance of the summing amplifier not load down the passive
network and effectively change the time constant.

Another implementation of the signal generator is to
use an operational amplifier as shown in Figure 30.

R1 R0

A EO

Ein 0 A> 0E

Figure 30. Operational Amplifier Network for
Signal Generator
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The closed loop transfer function of this amplifier
circuit is

R0 + R 1

G (S) R 1 K
1+ s RA ( +R 1+ S

2 fAo R 0 (78)

where

K = (R 0 + RI)/Ri, W = 2Trf 0 A0 /K

and f0 is the high frequency cutoff of the operational
amplifier.

The impulse response of this network is

!I

0 0t -CO t
eO(t) = K w0 e = 2f 0A 0 e (79)

A practical impulse is actually a short pulse of width
6. For this practical impulse, the output of the circuit is

-W0 t
e0 (t) (K-K e 0 u(t) 0 < t < 6

6W0' - 0 t
= K (e - 1) e t > 6 (80)

This output is shown in Figure 31.
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4. Data Storage Requirements

The data storage requirements for the digital
implementation are a function of the number of A/D converter
bits and the number of samples required for the input and
output. The number of digital bits requiring storage for the
digital implementation is given by

Data Bits = 2 T -M (83)
s

where

T is the integration period

Ts is the sampling interval

M is the number of A/D converter bits

The integration period and sampling interval are a
function of the system under test and it is difficult to
establish a fixed number for these values. For the example
systems, the maximum number of samples used was 3200. This was
limited by the memory capacity of the GP computer used for the
simulation. For this case the number of data bits to be stored
for a 16 bit A/D converter is

Data Bits = 2(3200)(16) = 102,400 bits

An upper limit of 8000 samples seems to be reasonable for
systems to which the technique can be applied with existing
components. This requires a storage capacity of

Data Bits = 2(8000)(16) = 256,000 bits

The data bits can be stored using static RAM. RAM's with a 2048
word x 8 bits organization are currently available. Two of
these are required to store 2048 words of 16 bit length. To
store 16,000 words of 16 bit lengt" requires 16 of these RAM
chips. These devices have a typical access time of 200 ns,
which is an indication of the time required to write an 8-bit
word into memory. This is easily compatible with the fastest
16-bit A/D converter presently available (conversion time
8 Ps).

Although establishing a maximum level of data storage
required is difficult, it appears that memory devices are
available to handle the data storage for any practical
implementation of the identification technique. As the number
of samples increases and as data storage requirements i ncrease,
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it will, of course, be necessary to build a larger memory by
adding chips and any necessary interface circuitry at additional
cost. However, the capability is available if needed, and the
data storage requirements do not appear to be technology limited
at this time. The only limitation of these devices could be in
the area of the access time. However, these devices are one to
two orders of magnitude faster than the currently available A/D
converters. This trend will probably be maintained as both
memory technology and A/D converter technology advance.

Once the data is stored in the static RAM, it is neces-
sary to transmit this data to the appropriate storage device for
future non-real time processing using the GP computer. This
storage device may be a time sharing data file, magnetic tape,
paper tape, or punched data cards. Data transmission is most
easily accomplished using a device such as a USART (Universal
Synchronous/Asynchronous Receiver/Transmitter, Intel 8251A).
This device is a programmable communication interface capable of
transmitting the data from the RAM to the permanent storage
device.

5. Digital Implementation - Conclusions

The performance evaluation of the digital implementa-
tion of the identification technique suggests that the critical
components of the digital implementation are the A/D converter
and the pre-A/D converter amplifier. The important conclusions
impacting parameter specification of these devices are summa-
rized below.

a. A/D Converter

(1) The A/D converter must have 14-16 bits of
resolution for adequate performance with a
two-pole system. This increases to 20 to 24
bits as the number of poles increases to
four. Since the highest resolution commer-
cially available A/D has 16 bits of resolu-
tion at this point in time, any experimental
validation of this implementation should be
restricted to systems with two poles or
fewer.

(2) The sampling rate requirements for the A/D
converter are driven by the accuracy
requirements of the processing technique.
For a two-pole system, the sampling rate
should be 4 to 10 times slower than the
highest break frequency of the system under
test. The fastest 16 bit A/D converter
currently available is limited to a sampling

95



rate of 125 klIz. This implies that the
system under test must be limited to an upper
break frequency of approximately 10 to 30
kHz.

b. Amplifier

(1) Three approaches to the identification
problem are designed to handle the complica-
tion of using a pre-A/D converter amplifier.
The first approach is to use the identifica-
tion technique directly and identify a
transfer function that is the product of the
transfer functions of the system under test
and the amplifier. This increases the
dimension of the identification problem,
which will probably degrade performance of
the identification technique. This approach
requires an amplifier that is approximately
equal in frequency extent to the system under
test.

The second approach is to use a very wide-
band (compared to system under test) ampli-
fier. The lower 3-dB break frequency of the
amplifier should be 1/1000 of the lower break
frequency of the test system. The upper 3-dB
break frequency of the amplifier should be
1000 times the upper break frequency of the
test system.

The final approach is to use linear system
theory to modify the required identification
processing. This requires that the amplifier
be approximately matched in frequency extent
to the system under test.

(2) Operational amplifiers with gain-bandwidth
products up to 1000 MHz are presently
commercially available. These will work well
with all the processing approaches described
in (1) above.

(3) The amplifier gain requirement is determined
by the peak output voltage of the system
under test and the full-scale input voltage
of the A/D converter.
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c. Remaining Components

The remaining components of the digital implemen-
tation did not appear to be technology limited in terms of
enabling implementation of the identification technique. The
important conclusions are given below.

(1) There is no commercially available waveform
generator with an exponential function
capability. The appropriate inputs will be
generated by using operational amplifiers as
low-pass filters and appropriately damping
the short pulse response to obtain the
exponential function.

(2) Data storage is accomplished using static
random access memory (RAM) chips and a
programmable interface to transmit the data
to the digital computer for nonreal-time proc-
essing.

d. Summary

The analysis of the digital implementation sup-
ports the following important conclusion. The pencil-of-
functions technique requires high accuracy to perform identifica-
tion satisfactorily. This accuracy is impacted by the choice of
the numerical integration technique used in the processing.
Simpson's rule of numerical integration results in increased
error as the number of system poles increases. There is a need
to determine the best integration technique for the identifica-
tion processing. This issue will be dealt with in more detail
during Part II of the study.

Given the constraints presented above, the digital
implementation of the identification technique can feasibly be
constructed and used in an experimental test setup.

A remaining issue is the problem of noise in the
implementation. A 16-bit A/D converter with a 10 volt full-
scale input can resolve a signal of 152 microvolts. These low
level signals require careful handling to reduce the impact of
noise on the performance of the technique. The devices used in
the implementation must be extremely low noise components and
advantage must be taken of any common mode rejection capability
available in the measurement configuration.

C. HYBRID IMPLEMENTATION

During the investigation of the digital implementation, it.
became apparent that the numerical integration of the A/D con-
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verted samples was a primary source of performance degradation.
A hybrid implementation of the identification technique was pos-
tulated to possibly alleviate this performance degradation.
This implementation is shown in Figure 33. The input and output
of the test system are integrated N times using analog inte-
grators. The integrator outputs are appropriately amplified and
sampled by a set of A/D converters. These samples are then
stored for further nonreal-time pencil-of-functions processing
on the GP computer.

The potential advantages of this configuration are that it
will minimize the error in the integrated outputs by eliminating
the need for numerical integration of the outputs. (The inner
products will still be formed using numerical integration of the
products of the A/D converted samples.) In addition, this imple-
mentation eliminates the "shrinking number of samples" problem
encountered using Simpson's rule as discussed in Section II.B.
However, this implementation has several disadvantages when com-
pared to the digital implementation of paragraph III.B. These
are apparent from Figure 33 where it is observed that 2N + 1 A/D
converters are required for implementation as well as 2N + 1
analog integrators and 2N + 1 amplifiers. The digital implemen-
tation required only two A/D converters and two amplifiers. For
a complex system (N large), th-is implementation could become
complex and costly compared to the digital system. Another
disadvantage lies in the fact that N must be known before the
final implementation configuration is established. This
complicates the procedure of evaluating N since the measurement
setup must be changed for each iteration of the procedure to
evaluate system order. It is recommended that the system order
be established using the digital approach if possible and that
the hybrid implementation be used only for pole and residue
determination if its performance warrants its use. The
performance of the implementation is addressed in the following
sections.

1. Simulation of Hybrid Implementation

The simulation of the identification technique was
modified to represent the hybrid implementation. The numerical
integration process was deleted and the analytical expressions
for the integrated outputs and inputs were inserted into the
program. A listing of the simulation for this implementation is
provided in Appendix B.

The general form of the output of the sys(,m under test
is

N Xit
yt e (8.1)
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The resulting integrations yield

t N Ci  A t
Y 2 (t) = f y(T) dT = Z -4 (e 1 - 1) (85)o i=l h

t
y3 (t) = f y2(T) dT

0

N i A it c.1
(e I- 1) - t (86)

t _N AtC. 2.
y4 (t) = f y3 (T) d = [C (e' -1) t ' t

0 i=l 3  A.
1 (87)

t _ N [CA .t C.
- (t) = f Y4 (T) dT =E (e 1  -1)- - t
y5 01A4

C i  t2  Ci 3

A. 1 (88)

The general form of the input is

x(t) = Aieait (89)

and the resultant integrations are similar in form to those for
y(t)(setting N = 1).

2. Two-Pole System Analysis and Results

The two pole system investigated in paragraph III.B was
used to evaluate the performance of the hybrid implementation.
The performance results for this implementation are shown in
Table 21 for different A/D converter resolutions. Figure 34 is
a plot of normalized mean squared error vs A/D converter resolu-
tion. These results indicate that this approach does not
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TABLE 21. SIMULATION RESULTS FOR HYBRID IMPLEMENTATION FOR
FOR DIFFERENT LEVELS OF A/D CONVERTER RESOLUTION,

INTEGRATION TIME = 9.6 ps, SAMPLING INTERAL - 4 ns

Predicted
Number of System Poles Percentage Predicted Percentage Normalized Mean
A/D Bits (MHz) Error System Residues Error Square Error

No A/D 0.011554792 0.0328 2.8073336 x 105 0.0147
Converter 0.356 x 10

- 7

10.60926 -0.0727 -2.7349133 x 108 -0.705

16 0.011620211 0.599 2.8009951 x 105 -0.211
0.436 x 10

- 4

10.34654 -2.54 -2.667889 x 108 -2.52

14 0.012683786 9.807 2.8531059 x 105 1.64
0.809 x 10

- 3

9.5219201 -10.31 -2.4551532 x 108 -10.29

12 0.023587263 104.2 3.9067486 x 10
5  

39.18
0.589 a 10-1

4.4864759 -57.7 -1.210728 x 108 -55.76
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perform as well as the digital implementation (see Table 3).
Acceptable performance is obtained for A/D converters of 14 bits
or greater resolution whereas, for the digital implementation,
acceptable performance is obtained for A/D converters with
resolution of 10 bits or greater.

The apparent reason for the poorer performance of this
implementation compared to the digital implementation is that
the implementation accuracy of the integrator outputs is greater
for the latter than for hybrid implementation. Every sample of
the integrated output and input is converted to an N-bit digital
representation in the hybrid implementation. In the digital
implementation, the integrated output and input are formed by
numerically integrating the N-bit samples of the system input
and output. The numerical integration is accomplished using the
full capability of the GP computer machine accuracy. The
samples are accumulated and not rounded to 16 bits as is the
case for the hybrid implementation. Therefore, the digital
implementation is actually more accurate than the hybrid
implementation.

3. Four-Pole System Analysis and Results

Although the performance of the hybrid implementation
was not as good as the digital implementation for the two-pole
system, its performance for the four-pole system of paragraph
III.B.l.c.(2) was investigated. The results of the investiga-
tion are presented in Table 22. The performance of the hybrid
implementation is significantly better than the digital imple-
mentation for a 24-bit A/D converter and an ideal A/D converter.
The performance of the hybrid implementation is slightly better
than the digital implementation for a 20-bit A/D converter but
its performance deteriorates significantly for a 16-bit A/D
converter. With 16-bit resolution, the hybrid implementation
identifies a pair of complex conjugate poles instead of poles at
0.51 and 0.82 MHz.

The results of Table 22 are useful in another respect.
The performance of the hybrid implementation with an ideal A,D
converter (machine accuracy) is significantly better than that
of the digital implementation. This is highlighted in Table 23.
These results indicate the effect of numerical integration on
the performance of the pencil-of-functions approach. For
systems with N > 2, the numerical integration using Simpson's
rule appears to be a serious limitation to the performance of
the technique.
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TABLE 22. SIMULATION RESULTS FOR HYBRID IMPLEMENTATION FOR
DIFFERENT LEVELS OF A/D CONVERTER RESOLUTION, FOUR-POLE SYSTEM,

INTEGRATION TIME = 4.8 vs, SAMPLING INTERVAL = 1.5 ns

Predicted
Number of System Poles Percentage Predicted Percentage Normalized Mean

A/D Bits (Mlz) Error System Residues Error Squared Error

No A/D 0.011550994 -0.3 x 10
-4  

2.8069668 x 105 0.0017
Converter 0.5099998 -0.34 x 10

4  
-1.200447 x 107 0.037 0.775 a i0

-8

0.8200003 0.53 x 10
-4  

1.5111038 x 107 0.073
6.49999 0.8 x 10

- 5  
-1.61031116 x 10 0.0193

0.011550716 0.00244 2.8068844 x 10
5  

-0.00123
0.5100335 0.00657 -1.200283 x 107 0.023624 0.245 a i0

- 9

0.8199492 -0.006189 1.510175 x 107 0.0116
6.49999 -0.000321 -1.6099426 x 108 -0.0035

0.0116280268 0.6668 2.82697507 x 105 0.714
0.511678239 0.329 -1.3764095 x IO7 14.7

20 0.851 x 10
- 3

0.815207 -0.584 1.900147 x 10
7  

25.8

6.509094 0.140 -1.7141638 x 108 6.47

0.38824 ±0.28327
16 0.0226615 96.

7.617245 17.2

TABLE 23. COMPARISON OF HYBRID AND DIGITAL IMPLEMENTATION
PERFORMANCE FOR FOUR-POLE SYSTEM, INTEGRATION TIME = 4.8 s,

SAMPLING INTERVAL 1.5 ns

Predicted
System Poles Percentage Predicted Percentage Normalized Mean

Implementation (MHz) Error System Residues Error Squared Error

0.011550994 -0.3 x 10
-4  

2.8069668 x 10
5  

0.0017
0.5099998 -0.34 x 10

-4  
-1.200447 x 107 0.037

Hybrid 0.775 x 10
- 8

0.8200003 0.53 x 10-
4  

1.5111038 x 10
7  

0.073
6.499999 0.8 x 10-5 -1.61031116 x 108 0.0193

0.011279618 -2.35 2.789548 x 105 -0.619
0.4988702 -2.18 -1.048074 x 107 -12.66

Digital 0.103 x 10
-4

0.8540037 4.14 1.3534398 x 107 -10.36
6.453757 -0.711 -1.594465 x 108 -0.964
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4. Amplifier, Signal Generator, and Data Storage

Requirements

The signal generator and amplifier requirements for the
hybrid implementation are essentially the same as those detailed
for the digital implementation. The amplifiers in the hybrid
implementation will have different gains to match the integrator

outputs to the appropriate A/D converter full-scale input
voltage but the frequency characteristics required are the same
as those required for the digital implementation.

The data storage requirements are more complicated for
the hybrid implementation because there are 2N + 1 data streams
to be recorded and stored in memory. This implies that a larger
number of memory chips is required; however, there is no in-
herent technology limitation in meeting the data storage require-
ments. The cost of the data storage system will be approxi-
mately (N + 1)/2 times that required for the digital implementa-
tion.

5. Conclusions - Hybrid Implementation

The resolution requirements for the hybrid implementa-
tion are significantly greater than for the digital implementa-

tion. Since the hybrid implementation require A/D converters of
approximately 24 bits, this implementation is beyond the current

state of the art (16 bits). For systems with two poles or
fewer, the hybrid implementation offers no advantages over the
digital implementation. For systems with more than two poles,

the hybrid implementation offers potential performance
improvement over the digital approach for an A/D converter with

24 bits. This improvement, however, increases the measurement
implementation complexity and cost.

It is not feasible to consider implementation of this
approach for an experimental validation at this time because of
the A/D converter requirement.

Future improvements in A/D converter technology may
permit implementation of this approach at that time. Therefore,
the approach cannot be dropped from total consideration at this
time but should be relegated to a low priority position until
the A/D converters become available.

D. ANALOG IMPLEMENTATION

The analog implementation for the identification technique

is shown in Figure 35 for N = 2.
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device is sampled using A/D converters and stored for further

processing on a general purpose computer.

1. Digital Simulation - Analog Implementation

The simulation of the identification technique was
modified to represent the analog implementation. The numerical
integration for the inner products was removed and replaced by
the analytical functions for the inner products. The various
integrated inputs, outputs, and inner products for N = 2 are
listed in the FORTRAN computer program listing in Appendix C.

2. A/D Converter Requirements

The A/D converter requirements for the analog
implementation are considered in this paragraph. Only one
sample of the output of each inner product device is necessary
for pencil-of-functions processing. Therefore, the conversion
time requirements for the A/D converters in this implementation
are considerably different from those of the digital implementa-
tion. If the output of each inner product device is sampled and
held at the end of the integration period, then the A/D
converters can take as long as necessary to convert the input.
This is significant because, as was observed in paragraph
III.B.l.g, generally the higher the resolution of the A/D
converter, the slower the conversion time. Also, because only a
single sample per inner product device is required, it is
feasible to think of using a single A/D converter to convert all
inner product outputs via multiplexing circuitry.

The resolution requirements for the A/D converters are
discussed in the following section.

a. Two-Pole System Analysis and Results

The performance of the analog implementation was
evaluated for the two-pole system of paragraph III.B.l.c.(l).
The assumed impulse response of the system is

= 2.8069192 X 10 e-0.011550998 (2 u x 106 )t

h(t) e (.8069x91 6 )t

-2.7368441 x 108 e- I 0 "6 1 6 9 8 6 (2 > x 10 )t 0 (90)

For the initial performance evaluation, the analog integrators
and inner product devices were assumed perfect. The inner
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product device outputs were sampled with A/D converters whose
most significant bit magnitude was established on the basis of
the peak value of each inner product device. The performance
results for different levels of A/D converter resolution are
presented in Table 24. These results indicate that 18-20 bit
resolution is required for satisfactory performance. This is
beyond the current state of the art in A/D converters and
restricts the feasibility of this implementation in the present
time frame. In general, the performance of the analog
implementation is significantly less than that of the digital
implementation. Once again, the reason for this appears to be
the fact that the digital implementation forms the inner
products by accumulating products of N-bit numbers using full
machine accuracy. Consequently, the resolution of the inner
product is greater than that obtained using the analog
implementation which uses a N-bit representation of the final
inner product value.

b. Integrator and Inner Product Device Requirements

The A/D converter requirements were determined in
section a. above, assuming perfect integrator and inner product
devices. This is impossible to achieve in a practical system.
This paragraph evaluates accuracy requirements for the
integrators and inner product devices.

Each entry of the Gram matrix will be in error
prior to A/D conversion. These error will arise from the
imperfections of the integrator and the inner product device,
and these will be a function of the devices and the inputs to
the devices. In order to evaluate the tolerable magnitude of
these errors using the computer simulation, they were assumed to
be uniformly distributed between ±K percent where K is an input
to the simulation. Each inner product is evaluated using the
exact expression in the simulation and is then multiplied by
(I + 100. X) where X is uniformly distributed between ±K percent
and is selected ind-pendently for each inner product.

The performance results using this error model are
provided in Table 25. These results assume a perfect A/D
converter (machine acccuracy). The results of Table 25 indicate
that an inner product total error of less than 10- 3 percent must
be maintained to achieve satisfactory performance.

The performance of the analog implementation was
also evaluated taking into account the effects of the A/D
converter resolution. These results are provided in Tables 26
through 29 for A/D converters of 24, 20, 18 and 16 bits,
respectively. Figure 37 is a plot of normalized mean squared
error as a function of inner product error. These results
support the conclusion that the total inner product error must
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be less than 10 - 3 percent to achieve satisfactory performance
for A/D converters of 18 bits or greater resolution. The analog
implementation does not achieve satisfactory performance with
less than an 18 bit A/D converter.

The problem now is to ass,,ss the sources of error

in the analog implementation and determine the rcquirements for
each device to meet the total system error requirement. The
sources of error in the analog implementation are: (1) the
integrator and (2) the inner product device.

The integrator affects the total error in two

ways. First, the inputs to some of tile inner product devices
are the outputs of integrators. Second, the inner product
device integrates the product of the two functions input to it.
The error introduced by the integrator is examined below.

(1) Integrator Error

The transfer function of a true integrator

( 1TI(s)) is given by

1
HTI (s) = (91)

A practical integrator has a transfer function of the form

H (s) (92)PI~s -s + Y

A practical way of implementing an integrator is to use an
operational amplifier as shown in Figure 38.

C

V
OP VO

Figure 38. Practical Integrator

Th- transfer function of this implementation is given by
(We ference 8)
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(2T f1 )
H0 (s) = 0  RC js + (1/RCA v IIIs + Av (27T f) I (93)

where

f, is the high frequency pole of the operational
amplifier

Avo is the low frequency gain of the operational
amplifier

Typically, f, is very high (50 to 100 MHz) and Avo
is 104 to 108. Therefore the pole at S = -2fffiAvo is on the
order of 5 x 1011 Hz. This means that, for systems in the range
of 10 to 50 MHz, this pole can effectively be ignored. Then

H0 (s) H p(s) = K (94)
RC A

v 0

where

_ 1

- RC A
v 0

and

27T f1 A v0
K = RC

Now we examine the difference in performance
between an ideal and practical integrator. The output of an
ideal integrator is given by

t
Yo(t) = f x(t) dT = x(t) * u(t) (95)

0

where x(t) is the input function and u(t) is the unit step
function. The output of the ideal integrator is the convolution
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of the input and a unit step function. Similarly, the double
integral of x(t) is given by

t
f f x(U) dT d6 =  x(t) * (t u(t)) (96)
00

or the input convolved with a ramp function.

The outputs of a practical integrator are listed
below

Single Integration x(t)* e- ru(t)

Double Integration x(t)* te-)T u(t)

For a single integration, the error in the integration is a
function of the value of e-YT, where T is the integration
period. This is a measure of the "dioop" of the integrator over
the integration period. This concept of "droop" also extends to
the double integration. The key to reducing the error of a
practical integrator is to maintain the product YT as close to
zero as possible. For "fT = 1. x 10- 13, tile maximum difference
between the true integrator impulse response and that of a
practical integrator is given in Table 30 for T = 9.6 Ps.

TABLE 30. PRACTICAL INTEGRATOR ERROR

Integration Maximum Error Magnitude

Single 0.6 x 10-11

Double 0.58 x 10-10

For the two-pole system of interest, the integrator output
levels are of the magnitudes listed in Table 31.

TABLE 31. INTEGRATED OUTPUT PEAK VALUES - TWO-POLE SYSTEM

Integrator Output Peak Value

Single 0.13 x 1O- 2

Double 0.4 x 10- 2
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The errors introduced in the integrator outputs
are almost negligible, and are on the order of 10-15 for a
single integration and 2 x 10-13 for a double integration. The
magnitude of these errors will be compared with those of the
inner product device to determine which device is the primary
contributor to the total system error.

For YT = 1 x I0-13, it is necessary that

= 1 x 10-13 1.04 x 10- 8

9.6 x 10-6

where

1RC A (97)
v 0

For a typical operational amplifier in use today, Av varies
from .0 to 101 .This requires that RC be in the r nge of 9.6
x 10- 3 to 9.6 x 103. A typical RC selection is R = 1 megohm and
C =  

1 pf or RC = 1. Achieving RC = 9600 requires larger
capacitors and larger resistors than are desired. Therefore, an
operational amplifier with an Av0 of 108 to 1010 or higher is
recommended for use with RC chosen accordingly.

(2) Inner Product Device

The remaining critical component in the
analog implementation is the inner product device. One approach
to implementing the inner product device is shown in Figure 39.

yi(t) t
yt) MULTIPLIER f /i'r yj f d(7-)Yjt INTEGRATOR 0 f i jT

Figure 39. Inner Produce Device

As detailed above, the integrator should not
contribute significantly to the error in the inner product.
This means that the critical item in the inner product device is
the analog multiplier.
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If V x and V are assumed to have a maximum
value of 0.1 volt, the expected product would have a maximum
output of 0.1(0.1)/10 = 0.001 volt.

If the nonlinearity error is to be maintained
at less than 0.001 percent, then it is necessary that

I (x,y) < 0.00001 (Vx Vy) = 0.001 (Cx + C < 1-8 (99)

or 5
( x + y) < 10 (100)

For =
x y

£ < 0.5 x 10-%. (101)
x

A survey of commercially available multiplier
devices indicates that the best multiplier accuracy that can be
achieved is on the order of 0.05 percent. This device does not
have sufficient accuracy to meet the requirements above. If the
inputs to the multiplier are amplified to a peak of 10 volts,
the product maximum will be 10 volts. The nonlinearity error is

to be maintained to

f (x,y) < 10 -  (10) =10 -  (102)

This requires that

+ ) < 5= lo
x y - 10 (103)

so that no advantage is gained by amplifying the signals.

These results imply that the analog
implementation is not feasible in the present time frame because
of the inaccuracy of the analog multiplier. Multiplier
specifications are for the maximum nonlinearity error of the
output voltage. They are obtained by setting one input to a
constant dc voltage. The other input is varied over the maximum
input range and the output voltage measured and compared with
the theoretical output. The maximum deviation is then recorded
as the nonlinearity error. This complicates the error analysis
undertaken in this section because the nonlinearity error

specification is a worst case value. In reality, the range of
voltages over which the system under test will operate may lie
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in a region where the multiplier nonlinearity is much less than
the worst case value. This cannot be determined from a
multiplier specification sheet; indeed, it is a function of the
actual devices to be used in the implementation. A significant
amount of device testing would be required before the analog
implementation could be considered feasible. The present
indications, however, are that the multiplier errors are on the
order of 0.05 percent as a minimum. This does not meet the
accuracy requirements defined earlier for the inner product.

Another potential drawback for the analog
multiplier is the bandwidth limitation. The analog multiplier
with the 0.05 percent nonlinearity error is the Analog Devices
Model #435K, which has a 3-dB bandwidth of 250 kHz. Wider band-
width multipliers (1 to 10 MHz) are available at the price of
increased nonlinearity error (minimum 0.1 to 0.5 percent).

On the basis of the extrapolation of the
amplifier results of I11.c, the upper 3-dB break frequency of
the multiplier should be 1000 times the upper break fre(quency of
the system under test. This implies that the system under test
will be limited to 250 Hz for the 0.05 percent amplifier des-
cribed above and to 1 to 10 kHz for the less accurate multip-
liers.

The analog implementation will also require
careful consideration of the propagation time delays incurred in
the circuitry. The inputs to the various inner product devices
will, in many instances, have been processed by a different
number of integrators. Any appreciable propagation delay will
result in an error being introduced in the product of the two
functions input to the analog multiplier. The results of this
section clearly indicate that the error in the inner product
calculation must be very small in order to obtain satisfactory
performance from the identification technique. Therefore, the
time delays must be compensated for as much as possible to
reduce the overall inner product error. This may require a
significant amount of testing prior to using the identification
technique to appropriately synchronize the inputs to each inner
product device.

A survey of available analog components did
not reveal any analog correlator devices capable of forming the
required inner product. This implies that the pirefer-red imple-
mentation of the inner product device is the analog multiplier-
integrator configuration of Figure :39.

These results support the concluiiOU that tlhe
analog implementation is not a feasible implementat ion for the
identification technique at this time. Technology advancement,!;
in analog multiplier devices in the areas of increased accuracy
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and bandwidth are necessary before the identification technique
can be implemented using analog devices.

3. Amplifier, Signal Generator and Data Storage
Requirements

The analog implementation requires 2N + 1 amplifiers to
adjust the output of the inner product devices to the full-scale
input voltage of the A/D converters. The performance require-
ments for the amplifier are similar to those determined for the
digital implementation. The gain of each amplifier must be set
dependent on the inner product peak amplitude of the inner
product device output and the A/D converter input character-
istics.

The signal generator requirements are the same as those
determined for the digital implementation.

The data storage requirements are significantly reduced
for the analog implementation. The stored data consists of
4N + 1 numerical values representing the inner product device
outputs. This will permit use of smaller and fewer memory chips
than are required for the digital implementation. This data
storage requirement does not limit the feasiblity or applic-
ability of the identification technique as was discussed in
detail in paragraph III.B.4.

4. Conclusions - Analog Implementation

The critical components in the analog implementation
are the inner product device and the A/D converter. The
analysis of the analog implementation has led to the following
conclusions.

(1) A minimum of 18 bits of A/D converter resolution
is required to achieve minimum identification per-
formance.

(2) The maximum tolerable error in the inner product
output is on the order of 10- 3 percent to achieve
a minimum level of identification performance for
A/D converters with 18 or more bits of resolution.

(3) Performance improvement reguires less inner
product error (10- 4 to 10- percent) and increased
A/D converter resolution (20 to 24 bits). How-
ever, the performance of the analog implementation
is below that demonstrated for the digital imple-
mentation.
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(4) Currently available analog multipliers have an out-
put error on the order of 0.05 percent which is
approximately 50 times greater than the maximum
tolerable error of 0.001 percent required for mini-
mum performance of the identification technique.

(5) The analog multiplier and the A/D converter re-
quirements for the analog implementation imply
that it is not feasible to consider this implemen-
tation for an experimental test setup in the pres-
ent time frame. Significant technological develop-
ments for analog multipliers and A/D converters
are necessary before this implementation can prove
feasible.
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APPENDIX A

COMPUTER PROGRAM LISTING FOR THE DIGITAL
IMPLEMENTATION OF THE IDENTIFICATION TECHNIQUE

A listing of the computer program for the digital implemen-
tation is provided below for the two-pole system of Section
III.B.
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100 DIMENSION Y10.,2401)
110 DIMENSION AI(4),CP(4),CI(4),AP(4)
120 DIMENSION G(l0,10),Y(3,2401).U(3,2401).A(20,10).C(25,25)
130 DIMENSION ISN(I0),XLX(I0),CoEF( l0),XLAMR(10),XLAMC(I0)
140 DIMENSION RP(I0),CR(10),B(25),CRR(I0,l0).CI(10.1rn
150 DIMENSION LIMITI(l0),LABEL(25),S(25,l),R(25.1l
160 INTEGER SNSTEPI.STEP2
170C INITALIZATION AND INPUT PARAMAETERS
180 P12=2.*3.14159
190 ERMS=0.
200 W3=10.
210 AI(3)=-1.E6*W3
220 AP(3)=AI (3)
230 DELTh4.E-3
240 SN=2
250 PRINT010RF)ER OF LIN4EAR SYSTEM IS"1,SN
260 PRINT:""1
270 SN2=2*SN
280 SK=I.
290 M=2400
300 MORIG=M
310 LIMITI(l)=M+1
320 STEP=SN+l
330 T=DEL.T*M
340 LL=0
350 XMSBI=I.E-3
360 XMSBO=I .5F-3
370 NBITS=0
380 PRINT:"lNUtiBFR OF BITS IN A/D)=",N9ITS
300 PRINT:""
400) PRINT:"1NUMBFR OF WAVEFORM SAMPLES=11.M
410 PRINT:""'
420 PRINTS"INTEGRATION TIME IN MICROSFCONDS=",T
430 PRINT0'""
440 PRINT'"1INTEGRATION INTERVAL IN MICROSECONDS=",.DELT
450 PRINTs'""
4o0) R3=1.E-3
4-0 CP(3)=R3
480 000 FORA4AT(IS3XFI4.5)
490C EVALUATE INPUT AND OUTPUT FUINCTIONS
500o RI=2.8069192E5
SiC)0 R2=-2.7308441E8
520 W I=P12*.01 550QQR
530 AI(l)=-.6*41J
1)40 W2=P12*I10.616986
550 AI(2)=-I.E6*M2
560 CA=I?1*R3/((W3-Wl)*l.E6)
570 C2=R2*R3/((M3-M2)*I .E6)
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511ioC3--R2*i?3/ ( (LV2-W3 )* I . F6)
')90 C3=C3+? *R3/ ( (Wl-413)* I F6)
600 CI(l)=-CA
610 CI (2)=-C2
620 CI(3)=-C3
630 Do) 909 JK=I,M+l
640 XJK=JK

650 U(I,,JK)=0.
660 XT3A=-W3*(XJK-I)*[)EL-T
670 IF(XT3A.LT.-80.) 01') TO 166
680 U( I JK)=FXFI(-!13*(XJK-1 )*DFI-T,
600 166 CONTI lJf~f
700) L( I,JK)=l .E-3*SK*J( I.JK)
710 CALL ATof)(U(1,JK),Xk4SRI,Nf3IT5)
720 XTI=CA*EXP(-WI*(XJK-1,*)E.T)
139) XT2=0.
740 XT3=n.
7'-0 XT2A=-vW2*(XJK-1 )*DELT
7oO XT3A=-143*(XJK- I )*DEL-1T
770 IF(XTF3A.GT.-H0.) XT,3=C3*FXP(XT3A)
78() IF(XT2A.G-T.-810., XT2=C2*FXP(XT2A)
790 YI ,JfC)=XT1+XT2+XT.3
800 Y(l,JK)=SK*Y(I1,J)
810 YI ( ,JK)=Y( I JK)
82") CALL ATO!)(Y(lI,JK)1 XlMSR0,NP3ITS)
830 999 CONTINUE~
840 P4?INTZ"lACTUAllL SYSTEM POL[F-c ARE:", V411P12, V2/PI2
850 PR INT:"
3~60 PqINTil"ACfU)AL SYSTEM' RESIDUES &RE:".RI ,R2
870 PR INT:"
880 !A2 =M,
890 PqINTt"INP1JT MS'R=" 9 XM5BI
900 PdINT""
910 PR INT: "OUTPUT PASR=" ,XMSRo
920 PR INT:"
930 o) 138 IJ=2,SN+l
940C INTEGRATF INPUT PIJNCTION~ SN TIMES USING c;IMPSO-NS RUr.E
950 LI.=0
960D U(JJ.J)=0.
970 Do 137 11=3.M2+1.2
980 f-1 = -1,+
990 KK=II-Ll-
1000 Ti11(~- I2+.Uj- 1- +CJl I
1010 U(JJ,KK)=U(JJI,KK-I )+T/(3*M2)*TEDI
1020 137 CONTINUE
1030) M2=M2/2
1040) 138 CONTINUE
1050C INTEGRATF OUTPUT WAVEFORM SN TIM;ES USING 13IMPSONS RULE
1060 [Y) 101 JK=2,STF-P
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107') 120 LIMIT=M-1
1080 JAT=r)
I 0Q0 I-IMITI(JK)-M/2+1
1100 CONST=T/(3.*M)
1110 140 J=0

11.30 -IM=IIMIT+2
1140 DO 13 1=3,1,IM,2
1150 =l
((60 KK=I-J
1170 TEN A52=Y(JK-1,1-2).4.*Y(Ji(-1.I-1)4Y(JK-1.I)
)180 Y( JK, KK)=Y(JK,KK-( )+CONST*TM2
((00 13 Co NT INU F
1200 M%-M/2
1210) 38 CONTINUE
1220 101 CONTINUE
1230C FVALUATF INNER PRIMUCTS FOR GRAM DE--TERMIN4NT
1240 M=Moq-(IG
12130r STI.PI=SN+I
1260 STEP=2*S4+1
1270 DO 100 K=1,9TEP1
12 80 LJ= 1
1290 kM1=m
130') MS.J= 1
1310) 220 LIMIT=M-2
1320,' JAT=0
1339 C(ONST=T/(3.*M)
1340 240 CONTINUE
1350C EVALUATE O(K-K) FOR K=I,SN
(360 DO0 7 I=(,LIMITI(K)-2,2
(370 XI=I
(380 TER~M 1 =2 **FL OAT (K- I ) *CONST
1390 TE1?4(2=Y(K,1)**2+4.*Y(K,1+1 )**2+Y(K,I+2)**2
1400 TFRM13=TE1RMl*TERM1i2
(4(0 G (K, K) =G(K, K) +TFRM13
1420 7 CONTINUE
1430C EVALUATE (,(KKM4) FO)R J .('T. K To J=SN+1
1440 Do0 3 1=2,STFPI
1450 MSt.J~i
(460 IF(K-J) 435,437,436
(470 435 Do 6 I=(,LIMITI(J)-2,2
(460 XTfER2=2**FLOAT(J-1 )*CONST
1400 TEFM22=Y(K,MSI.J)*U(J,I)
1500 H9TLJ=MSLJ+2**Ff-rAT(JI-K)
1510) TEfRM23=4.*Y(K.HqLJ)*[F(J,1+1)
15,20 KSLJ=MSLJ+2**FL0AT(J-K+i)
1530) TEl.MA24=Y(KKSLJ)*1U(., 1+2)
1540 TEIM2=XTER2* (TERM2? +TERM23+TERM24)
155)0 K.M=.J+SN
(560 C,(K.KM)=G(K,KM)+TE;RM2
(57o ksl-J=KSl-J
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1580 6 CONTINUE
1590 GO) To 3
1600C EVALUATE G(K,KM) FOR K .GT. J TO K=SN+l
1610 436 DO 176 I=l,L-IMITI(K)-2,2
1620 XTER2=2**FLOAT(K-I )*CONST
1630 TElM22=Y(K, I)*U(J,MSLJ)
1640 HSLJ=MSLJ+2**FLOAT(K-J)
1650 TERM23=4.*Y(K,I+])*[J(J,HSLJ)
1 660 KSLJ=MSLJ+2**FLoAT(K-J+1)
1670 TEIRM24=Y(K,I+2)*U(J,KSL.J)
1680 TERM2=XTER2* (TERM22 +TERMk2 3+TE RM24)
1690 KM=J+SN
1700 (3(K.KM)=G(K.KM)+TERM2
1710 MSI.J=KSLJ
1720 176 CONTINUE
1730 GO TO 3
1 740C EVALUATE 0-(K,KM) FOR K=J
1750 437 DO 276 I=1,LIMITI(K)-2,2
1760 TFRM22=YK,I)*J(J,I)
1770 TERM23=4.*Y(K,+1)*U(,I+I)
1789 T1M24=Y(K,+2*U,I+2
17(00 XTER2=2**FLorAT(K-1 )*CONST
1800 TFRM2=XTER2*(TERM22+TERM23+TERM24)
1810 KM=J+SN
1820 G,(K,KM)=G(K,KM)+TERM2
1830 276 CONTINUE
1840 3 CONTINUE
1850) IF(K-STEPI) 236,100,100
1869 100 CONTINUE
1970C EVALU1ATE G-(K,K) FORn K=SN+1 TO 2*S3N+I
1880 00) 8 K=SN4+2,SN2+I
18Q0 DO09 I=ILIMIT1(K-SN)-2,2
1900 DER1=2**FL-OAT(K-SN-I )*T/(3*M)
1910 D)ER2=UJ(K-SNI)**2+4.*UJ(K-SN,I+l)**2+U(K-SN,I+2)**2
1 920 I)EP3=DE~ I*DER2
1930 G'(K.K)=G(K,K+DFl?3
1940 9 CONTINUE
1950) 8 CONTINUE
1960 Go TO 425
1970 236 IF(K-SN) 237,237,100
1980C EVALUJATE G(K.LK) FOR K .T. SN, LK=K+I,S3N+l
1Q90 237 Do 401 LK=K+1,SN+I
2000) MMVI=LIMITI (LK)-2
2010 LJ=l
2020 Do 402 LI=1,~MMW,2
203-) TEPM31=Y(K,l-J)*Y(LK,l-I
2040 KHI=LJ+2**FLOAT(LK-K)
2050 TEl?M32=Y(K,KH1)*Y(L-K,L-I+I)
2060) KH2=1J+2**F[.OAT (LK-K+ I
207') TD?M33=Y(K,KH.-2)*Y(L.K,LI+2)
208-0 TERPi34=,FRmlI*2**FIJ )AT( TK-K)
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2090 LJ=LJ+2**FLOAT(LK-K+I)
2100 TERM3=TERM34*(TERM31+4.*TERM32+TERM33)
2110 G(KLK)=G(K, LK)+TERM3
2120 402 CONTINUE
2130 401 CONTINUE
2140 238 IF(K-I) 57,57,58
2150C EVALUATE G(K+SN,LK+SN) FOR K=2,SN+I, LK=3,SN+l
2160 58 DO 601 LK=K+I,SN+l
2170 MMW=LIMITI (LK)-2
2180 LJ=1
2190 DO 602 LI=I,MJMW,2
2200 TEXI =U(KLJ)*U(LKLI)
2210 KLI =LJ+2**FLOAT(LK-K)
2220 TEX2=1J(K,KLI )*IJ(LKLI+1)
2230 KI.2=LJ+2**FLOAT(LK-K+1
2240 TEX3=U(KKL2)*U(LK,LI +2)
2250 TEX4=TERMI *2**FLOAT(LK-K)
2260 LJ=LJ+2**FLOAT(LK-K+1)
2270 TEXS=TEX4*(TEX1 +4.*TEX2+TEX3)
2280 ((K+SN,LK+SN)=G(K+SN,LK+SN)+TEX5
2290 602 CONTINUE
2300 601 CONTINUE
2310 57 CONTINUE
2320 GO TO 100
2330 425 CONTINUE
2340 PRINT:"UNSCALED ENTRIES IN GRAM DETERMINANT ARE"
23,0 PRINT:" ROW COLUMN INNER PRODUCT"
2360 PRINT: " I J (
2370 PRINTs""
2380 STEPI=STEPI+SN
2390 DO 942 JIK=I,STEPI
2400 D)O 943 KLI=I,STEPI
2419 G(KLI,JIK)=G(JIKKLI)
2420 PRINTsJIK,KLI, ,(JIK,KLI)
2430 Q43 CONTINUE
2440 942 CONTINUE
2450 M()G _=M
2460 N=SN2
2470C SCALE SCALAR PRO)DUCTS BY I.E6 FO? COMPUTATION FACILITY
2480 DO 1011 I=I,SN2+1
2493 DO 1021 J=I,SN2+1
2500 G( I, J)=I. F6*G ( I ,J)
2510 1021 CONTINUE
2520 1011 CONTINIJE
2530C EVALUATE DIAGONAL COFACTORS COEF(I)
2540 PRINT:",rIAGONAL COFACTORS ARE AS FOLLOWS"
2550 DO 300 J=I,SN2
2560 DO 310 I=I,SN2
2570 A(J,I)=,(J+lI+1)
2580 A (I ,J)=A (J, I)
2590 310 CONTINUE
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2000 300 CONTINUE
261.) 1 D= 1
2620 CoHF( I )=DETE(A, N,20)
26.30 PR INT: I),COEF( I)
2640 DO 500 [.KJ=1,SN
2650 DO 400 J=l ,LKJ
2660 D) 410 I=l,1.KJ
2610 A (J, I )=G(J, I )
2680 A(I,J)=0( I,J)
2690 410 CONTINUE
2700 400 CONTINUE
2710 DO 510 J=I,.K.J
2720 Do 520 I=LKJ+I,9N2
2730 A(J,I)=G(JI+I)
274o A(I, J)=A(J,I)
275) 520 CONTINUE
2760 -10 CONTINUIE
2770 DO 000 I=T.KJ+I,SN2
2780 Do 610 I=l-KJ+I,SN2
2790 A(JI)=0(J+I,I+l)
2H00 A(I,J)=A(JI)
2810 610 CONTI NUF
2 2) 600 CONTINUE
283') COEF(LKJ+I)=f)ETE(A,N,20)
284i) PPI NTI. KJ+ I, COEF(LKJ+)
285) 1.N.M=IK J+ I
28o0 500 CO NTINUE
2810 PRINT:"EIGEJVAL.UE EUATION COEFFICIENTS ARE"
2880C EVALUATE EIOENVAL JE EioiATI()N CoEFICIENTS B(I)
2800 Do 640 I=I,SN+1
2900 i( I )=S0RT(AB9(CO)EF(SN+2-I )))
2010 PRINT I,:i(I)
2920 640 CONTINUE
2030C EVALUATE SYSTEM POLES
2940 N=SN
2950b PRINT:"POLES OF SYSTEM ARE GIVEN BELOW'}"
2900 PRINT:" NUMBER REAL-(MHZ) IMAO(MHZ)"
2970 CALL DO.JNH(9,N,RR,CR)
2980 DO 650 J=I,SN
2 0') XI. AMR ( J)=RR ( J)/P 12
300) XI.A MC (J) =CR (J)/P 12
301) AP(J)=RR(.J)* ,E6
3020 PRINT:J,XLAMR(J),XLAMC(J)
3030 XLAMR(J)=RR(J)
3040 650 CONTINUE
3050C EVALUATE SYSTEM RESIDUES
3060 FLAG= I
3070 Do 660 K=I,SN+l
3080 IF(XLAMC(J)) 670,660,670
3000 670 FLAG=0
3100 660 CONTINUE
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3 11 IF(FLAG) 68fl.68O.6Q0
3 121 5 90 DO 70on I =1 ,9N
3130) Do 710 J=I, SN
3140) TEMP I =1
31 15') Dr) 711 1 =),1
3160 TFMPl=TFMPl*Xl.AMR(J)
3 179 711 CONTINUE

3100 EFJE2=0.
3200 EWEI ./ (TMP I*(XMAW?(J)+013)
3210 EVE I A=X[AMR (J)*T
3 222) F:?A=-N3*T
323") FEEA.T-3. EvNE2=FXP(FWF2A)
3240? IF(EWPI.T-8) EFElFIFXP(EVFIA)

32o CIJ1E3*KCI
3270 TEMP=O.
328i0 o 720 K=I,I
3200 TF,4p2= I
'3301) DO0 721 KK=1,I+l-K
3310 TEM'/P?.=TElP2*Xl-A' 3A )
3320 721 CONTINUF

* 333() TFMP=TEAiP+U(K+l~1M1, ITl (K(+l f/TFMP2
3:340 720 CONTINUE
335') C(I,J)=C(I,J)-TPAP
3363) 710 CONTINUE
33-70 700 CONTINUE
3330 CALL MTI.NV(C,N.N',25,LARl.)
33 90r DO 740 I=2,SN+l
340() (111)Y IL~I1()
3410 740 CONTINIUE
342:) CALL MTMPY(0,C.S,R,SN,SN,fl
3430 PRIND:"RESIDUES OF SYSTEM POLES ARE 'GIVEN BELIM11
3440 DO 751 I=I,SN

3460 751 CONTINUE
3470 030 TO 1000
3480 680 CONTINUE
34)0 1000 CONTINUE

3492 X2=100.*(R-(2,f)l.E6-R2)/R2
3493 PRINTs"I'l
3494 PRINTS'PERCENTAGE FRROR-RESIDUFS"l,XI.X2
349)5 PRINT$""
3406 XI=I00.*(AP(I)-AI(l))/Al(1)
3497 X2=100.*(AP(2)-AI(2))/A1(2)
3498 PR INT: "PERCENTAGE ERROR-Po7L2S", Xl ,X2
3499 PRINT22"'
3500 PRINT,'
351 1 PRINTil JK ACTU NL PRED)ICTED )dNP
3520 SUM=0.
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3930 FUNCTION DETE(ANARG.IDIM)
3940 DIMENSION A(IDIM,NARG)
3Q50 I N=NARG
3960 SIGN=I.O
3970 NMINI=N-l

* 3980 IF(NMINI .EQ. 0) Go To 401
39Q0 DO 3Q1 3! = I ,rMINI
40010* *********FIND REMAINING ROW CONTAINING LARGEXT********

* 401 0* ***********A3SOLIJTE V ALUE IN PIVOTAL CoLUMN**********
*4021 101 THMP=0.0

4030 DO 121 J2=JI,N
4040 IF(ARS(A(J2,JI )).LT.TEP) GO) TO) 121

* 4050) TEMP=A3(A(J2,JI ))
41069 113IG=J2
4070 121 CONTINUE
4080( IF(TEMP.NF.O.0) GO TO) 201
4090* **************P)I VOTAL COLUM1N CONTA INS ALL ZEROES* *****

* 41 0) DETE=0.O0
*4110 01) To 5001

4120 201 IF(J1.EFJ.I 3IG) (30, To 301
4 13()* **************INTRCHANG'E Rot'." AND CHANnE SIGN********
4140 DO 221 J2=JI,N
4 150 TE[-MP=A (J I .J2)
4161, A(JI .,J2)=A( I'3i;,J2)

*4170 221 A(IRI(-.J2)=TFEMIP
4 1 3() S IO;N=-S IOGN
41 09* **************COMPJTE NEW CO)EFFICIENTS BELOW PIVOTAL R
4200* ************** AND B EYONE) PI VOTAL CO)LUMN**************
4210 301 NI=,J1+I
4220 DO 321 Y2=NI,N
4230 TEMP=A(J2,J])/A(JI,JI)
4240 D,) 321 J3=NI,N
42'iO .321 A(,J2,,J3)=A(,J2,J33)-A(JI.,3)*TFEMP
4260 301 CONTINUE
42 .)* **************EEFMENTS TIMES(-)N. OF ROW INTFRCH4
4280 401 DETE=I.0
4299 DO 421 JI=I N
4300 421 DETF=DET*A(JI,.TI)
4310 DETEF=DETE* IG(-N
4320 5001 RFURN
4339 FN!)
4340* ZORP2
43'50* ROUTINES FOR SOLVING POLYNOMIALS
4360 S[JBROEITINF PoM.Y(N,A,R,C.PP, PCThOil.PFiI
~4370 F)I.MNS ION A (09)
4380 IF (RH))10,'L.Inl
4300 5 ;?A(])
44009 C=().
4410 PR=A (2)
4420 PC=O.
44.0) RFrURN
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4440 10 VI =lI

4450 V2=0.

4470 0=0.

4500 MI=RHO*COS(PHI)
4510 W2=RHC*SIN(PHI)
4520 NN=N+I
4530 DO 20 I=2,NN
4540 TI=WI*VI-VW2*V2
4550 V2=W2*VI+WI*V2
4560 Vl=TI
4570 R=R+A(I)*V.l
4580 C=C+A(I)*V2
4500) PR=PR+A(I)*(I-1)*VI
4000 20 PC=PC+A(I)*(I-))*V2
4610 PR=PR/RHO
4620 PC=PC/RH()
4630 5001 RETURN
4640 END
4650 SUBROUTINE ARCTA(XY, ANGLE)
4660 P1=3.14159265
4670) IF(X)I0,30,20
4680 10 ANC-,hE=ATAN(Y/X)+PI*SIGN(I.,Y)
4690 RETURN
4700 20 ANG7LE=ATAN(Y/X)
4710 RETURN
4720 30 IF(Y)40,60,50
4730 40 ANGL-E=-PI/2.
4740 RETURN
4750 50 ANGLE=PI/2.
4760 RETURN
4770 60 ANrGLTE=0.
4780 RETURN
47Q(0 END
4800 SUBROUTINE DmWNI(A,NAR,RR,CR)
48 10 DIMENSION A(9099),R?(O900Q),CR(090 0 ),0(I0I ),13(3)
4820) CALL FXOPT(67,1,1,0)
4830 J=0
4840 N=NAR
4850 NPLI=N+I
48o() ANPP=A(NPI)
48710 Do 102 I=I,NPLI1
4890 IF (A(I))103.102,103
4890 102 CONTINUE
4900 103 C=AF3S(A(I)/A(NPLI))
4910 LIJ=120
4020 LL1=- 120
4933) IF (C-2. **r.U) 100, 100,10 1
4940 100 IF (C-2.*-LTJ10 1, 109,I105
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4950 101 NAR=-NAP?
4Q60 (30 To 500
4970 05 II= (LII+LT.)/2
49') IF(C-2.**II[) I10, I10,109
49Q0 109 LL = 11
5000 GO TO III
5010 110 LU=II
5020 1 I F(-L.- I ) 5001, 112, I05
5030 112 I B= II/I
5040 IF(IB) 114.120,114
5050 114 DO 115 I=I,NPI-I
5060 HI=1-I
5070 115 A(I)=A(1)*(2.**(II*IR))
508-0 120 DO 121 JI=I,NPLI
50Q0 121 A(Jl)=A(JI)/A(NPLI)
5100 201 IF(N)2001,2001,206
5110 206 IF(A(l))301,211,301
5120 211 J=J+l
t130 RR(J)=.
5140 C?(.J)=0.
tI1) )0 221 J1=I,N
5160 221 A(JI)=A(JI+l)
5170 N=N-I
5180 O( To 201
5190 301 IF(N-2)601,501,401
5209 401 CALL GqAD(A,N.X,Y)
5210 421 IF(AB.(Y)-AR£(X*I.E-4))431 o431,441
5220 431 Y=O.
5230 441 J=.J+ 1
524') RR(J)=X
5250) CR(.I)=Y
5260 IF(Y)461,1021,461
5270 401 J=J+l
523D RR (J)=X
52Q0 CR(.) =-Y
5300 (0 To 1011
5310 501 DISC=A(2)**2-4.*A(I)
5320 IF(P)ISC)521,541,541
5330 521 Y=SORT(-DISC)/2.
5340 X=-A(2)/2.
535') G0 TO 421
5360 541 J=J+l
5370 Rl?(J)=(-A(2)+SQRT()ISC) )/2.
5380 CR (J)=0.

:30() GO To 1021
5400 601 J=J+l
5410 RR(J)=-A( I
5420 C (J)=0.
5430 GO TO 2001
5440 1011 1i(I )=X**2+Y**2
5450 1(2)=-2.*X
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'i460 B(3)=1.
t)470 N13=2
548-3 O TO 1041
b40) 1021 1(I)=-RR(J)
i5 00 B3(2)=I.
5510 N13=1
5b20 1041 CALL 1)IV(A,F3,N,Nfl,Q)

5540 1061 A(JI1)=Q(JI)
555:) IF(CfR(J)fl08II071,10R1
5560 1071 N=N-1
55 10( GO TO 201
t)580 1081 N=N-2
5500 GO" TO 201
5600 2001 IFCIB)2002,2005,2002
5610 2002 DO 2000 I=I,NAR
5620 IMF?( I) RR( 1)*2.**1IRB
5633) 2000CI)RI*(*(I)
1)640 2005 NPI=NAR?+1
5650 Do 2011 I=2,NPI
566D 2011 A(I)=O.
5)67 9, A(1)=J.
5680 IJA=0
5-600 J=l
5700 2021 IF(CR(J))2041,2061,2041
5710 2041 NB=2
'-720 I( 3)=1
5730 fi( 2=- 2. * RR(J)
5740 B ( I)RR(J) **2 +CR (J) **2
5759 J=J+2
5760 GO TO 2081
5770 2061 NB=1
5780 B(2)=I.
579f)13f) -R J
5800 J=J+l
58 1 ( 208 1 CALL MTALGD(A,NAB,N9,,0)
58H20 NA=NB+NA
5830 NAPLI=NA+1
5840 D)O 2091 I=I,NAPLI
585$) 2091 A(I)=Q(I)
586o IF(NA-NAR) 2021, 3001,3001
5870 3001 DO 3011 J2=I,.IPLI
t) 8 0 301( A(32)=k(32)*ANPP
5800 5001 RETURN
5900 END
5911) SUBROUTINE GRAD(A,NXZ,YZ)
5920 DIRENSION A(QQQO).X(3),Y(3) ,RP(3) ,CP(3) ,fiH9(,3),PUil( )
593,) DIMENSION ABSP(3) ,PRC3) .PC(3)
5940 PI=3.14159265
5950 MTST=1
5960 101 X7=0.0
5970 YZ=1.0
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5980 DZ=2.
5990 RHOZ=1.
6000 PHIZ=PI/2.
6010 201 CALL POLY(N.A,RZ,CZPRZ,PCZRHoZ,PHIZ)
6020 221 St)=SQRT(PRZ**2+PCZ**2)
6030 ABSPZ=SQRT(RZ**2+CZ**2)
6040 U=2.*AF3SPZ*SU
6050 PSI=ATAN(tJ)
6060 TOP=R~Z*PCZ-CZ*PRZ
6070 BOT=- (RZ*PRZ+CZ*PCZ)
6080 CALL ARCTA (BOT,TOP.THETA)
6090 COSI=COS(THETA+PHIZ)
6100 SINE=SIN(TH]ETA+PHIZ)
6110 IF(ABSPZ)300,5001,300
6120 300 IF(SU)301,501,301
6130 301 IF(RHoZ)321,40I,321
6140 321 IF(ABSPZ/(lIOZ*Si)-1.E-7)5001,5001.701
6150 351 IF(ABSPZ/(UfHo7*SlJ)-10.**(-MTST))801,R01,40
6160 401 DZ=D)Z/8.0
6170 IM = (
6180 DO' 431 1=1,3
6190 DZ=2.*DZ
6200 X(I)=XZ+DZ*COSI *2Y

6230CALL A 4CTA(XI), Y(1), PHI(I))
6240 CALL POLY(N,AFRP(I).CP(I),PR(I), PC(I),RHO(I),PHI(I ))
6250 ABSP(I)=SQflTURP( I)**2+CP(I)**2)
6 260 IF(ArSPZ-ATSPl) 431.431,421
6270 421 ABSPZ=ABSP(I)
6280 IM=I
6290 431 CONTUJIJE
6 300 IF(IM) 441,441,461
6310 441 l)Z'DZ/8.
6320 1IF(RHOZ) 443, 445, 443
6330 443 IF(r)z/I-HOZ-I.E-7)451,451,401
6340 445. IF(DZ-I.E-7)451,451.401
6350 451 IF(SU-AB3SPZ) '01,501,5n01
6360 461 1)Z= (2 .* * (IM -2)D Z
6370 XZ=X(IM)
6380 YZ=Y(IM)
6390 PlIIZ=PHI(IM)
6400 PN7.=PR(IM)
6410 PCZ=PC(IM)
6420 IPHOZ=t'?FIO( I M)
6430 RZ=RP(IM)
6440 CZ=CP(IM)
6450 Go To 221
6460 01O [)Z= I. 0
6479 DTHFT A= PI/10.
648) 52.)1 TlFTA=O.0
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6490 Do 561 I=1,20
6500 THETA=THETA+DTHETA
6510 XS=XZ+DZ*COS(PHIZ+THETA)
6520 YS=YZ+DZ*SIN( PHIZ+THETA)
6530 RHOS=SQRT( XS**2+YS**2)
6540 CALL ARCTA(XS,YS,PHIS)
6550 CALL POLY(N,A.RS,CSPRSPCSRHOSPHIS)
6560 ABSP(I )=SQRT(RS**2+CS**2)
6570 IF(ABSPZ-ABSP(1))561,56I,601
658") 561 CONTINUE
6590 DZ=DZ/2.
6600 IF(fRH')S)563.565,563
6610 563 IF(DZ/RHOS-.I.E-7)500l,5001,52I
6620 565 IF(DZ-I.E-7)5(0I,50)01.521
6630 601 XZ=XS
6640 YZ=YS
6650 PHIZ=PHIS
6660 iRHOZ=RlH0S
6670 ABSPZ=ABSP( I)
6680 PRZ=PRS
6690 PCZ=PCS
6700 RZ=RS
6710 CZ=CS
6723 GO To 221
6730 701 IF(PSI-l.E-6)7l1,71I,351
6740 711 IF(SU-ABSPZ)50I,50l,35I
6750 801 1?10(1I)=RiHOZ+BOT/SU**2
6760 IF(RfIOMI))l,0,316
6770 816 PHI ( I ) =PIZ+T)P/ (RiOZ*SlJ**2)
6730 821 CALL PO)LY(N,A.RZCZ,PRZPCZRHO)(1).PHI(1))
6790 ABSP( I)=SQRT(RZ**2+CZ**2)
6800 IF(A93P(1)-ABSPZ)85I,88I,881
681,) 841 XZ=RH()Z*COS (PH]I Z)
6820 YZ=flHoZ*SIN(PHIZ)
6830 (30 To 5001
6840 851 IIi)Z=R~HO( I
6850 AiSPZ=ABSP( 1)
6860 PHIZ=PHI(I)
6870 TOP=RZ*PCZ-CZ*PRZ
68130 BOT=- (RZ*PPZ+CZ* PCZ)
6890 SU=SOIJ ( P[Z**2 +PCZ**2)
6 90,, IF(SIJ)855,501,855
6910 8 55 U=2.*A[3SPZ*StJ
6920 PSI=ATAN(U)
6930 IF(ABSPZ/(RHOZ*SU)-I0.**(-MTST))861 ,A61 ,90
6940 861 IF(ABSPZ/(Th0Z(-/*SU)-I.F-7)84I,841.871

*69'3) 871 IF(PSI-I.E-6)881,88I,801
6960 881 IF(SU-AF3P7501,50I,O01
6970 901 D)Z=ABSPZ/SrJ

* 69.3() X 7= R [flZ* COS (P PH I Z.
6090 YZ= R! 0Z*S 1N (PH17.)
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7000 MTST=:,TST+l
7010 o To 201
7020 5001 RFTURN
7030 ENI)
7040 SUBROUTINE MTAL0D(AARG,NA,!AR,,NB, )
7050 DIPAF N. ION AARG(99QQ) ,RARC,(OOQ9) ,c(o99Q) A( 0I1 ) ( I0)
7060 I NAPLI=NA+
7070 I)O 21 1I=1,NAPI.1
7080 21 A(JI)=AAR0(JI)
70Q0 NBPl. I =NB+I
7100 DO 41 J~II,NRPLI
7110 41 f3( l )=13AR0(JI )
7120 NCPLI= APLI+NRPL1-I
7130 Do 91 JI=I,NCPLI
7140 TFMP=O.
7150 X ) 81 J2=1,JI
7160 IF(J2-NAPLI) 61,61,81
7170 61 N2=JI-J2+I
7180 IF(N2-P3PLI)71,71,81
7190 71 TE,4P:TEP+A(.J2)*3(N2)
7200 81 CONTINUE
72 10 C(.1 )=TE-MP
7220 Q1 CONTINUE
7230 RETURN
7240 END
7250 S[Jf3RoIj'INE [)IV(A,B,NA,NB,O)
7260 DIMENSION A(9(Q),R(OOQQ),)(9090)
7270 II =NA-NB+I
7280 DO 61 JI=1,11
7200 61 ((JI)=O.
7300 101 KKMAX=NA-N9+I
7310 )0 391 KK=I,KKMAAX
7320 K=KK-1
7330 201 TEMP=O.
7340 IF(K-l )301.211,211
7350 211 DO 291 JJ=I,K
7360 J=JJ-I
7370 II=N'I-K+J
7380 IF(I1)2Q1,221,221
7390 221 12=NA-NB-J
7400 TEMP=TEMP+B( 11+1 )*Q( 12+1)
7410 291 CONTINUE
7420 301 II=NA-N-K
7430 12=NA-K
7440 391 O(I+l)=A(12+1)-TEMP
7450 5001 RETURN
7460 END
7470C MTINV
7480* *************MATR IX INVERSION*************************
74Q0 SU31OI1TINE MTINV(A,NRARG,NCAROlIDIM,I.ABEL)
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7500 DIMENSION A(IDI,NCARC-),L-AREL(NRAR(3)
7510 1 N11=NRARG
7520 NC=NCARCG
7530 1)0 21 J I= I, Nf?
7540 21 L-ABEL(Ji )=JI
7550 Do 291 JI=i,NR
7560* **************FI ND REMAI NING ROW CONTAINING LARGEST***
7570* **************ABSOLUTE VALUE IN PIVOTAL- CoL!JMN********
75ti0 101 TEMP=0.0
7590 DO 121 J2=JI.NH
7600 IF(A!BS(A(J2,JI )).LT.TEMP) Go To 121
7610 TEMP=ABS (A (J2,JI
7620 18 1 (=J2
7630 121 CONTINUE
7640 IF(181G.EO.J)G3O To 201
7650* **************EARANGE ROWS To PLACE LARGEST ABSOLUJTE
7660* **************V ALUE IN PI VOT PO)S ITI ON*****************
7670 DO0 141 J2=1,NC
7680 TEP4P=A C J) , J2)
7690 A(JI,J2)=A(IBIrG,J2)
7700 141 A(IFUOJ2)=TBMP
7710 1 =L ABEL (JI)
7720 LA3EL(JI )=LABFL(IB1810)
7730 AE(II)=
7740* 1882COMpUTF COFPFICIENTS IN PIVO)TAL RO4t"
7750 201 TEMP=A(JI,,JI)
7760 A(Jl.JI)=l.0
7770 Do 221 J2=I.14C
7780 221 A(JI,J2)=A(JIJ2)/TF4P
7790* *********A ****CO4PUTE COEFFI CI ENTS IN OTHER RO'IS******
7800 00 281 J2=I ,Nf?
7810 IF(J2.EQ.Ji) 030 To 281
7820 TEMP=A(J2,JI)
7830 A(J2,JI)=0.0
7840 DO 241 J3=I,NC
7850 241 A(J2,J3)=A(J2,J3)-TEMP*A(JI,33)
7860 281 CONTINUE
7870 291 CONTINUE
7 883)* **************I NTERCHANCE, CO)LIMNS; A CCORD ING TO*** *****
7890* **************INTERCHANGFS OF RO)WS OF ORIGINAL MATRIX*
7900 301 N)=NR-l
7910 DO 391 JI=1,NI
7920 Do 32) J2=JI,NR
7930 IF(LABE(J2).NE.JI) Go To 321
7940 IF(J2.EO.JI) Go TO) 391
7950 GO To 341
7960 321 CONTINUE
7970 341 DO 36) J3=l,NR
7980 TEMP=A(J3,J1)
7090 A(J3,JlU-A(J3,J2)
8000 361 A(J3,J2)=TEMP
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8010 LABEL(J2)=LABEL(JI)
8020 391 CONTINUE
8030 5001 RETURN
8040 END
8050C MTMPY - REV. APRIL 1971
8060* HONEYNELL TIME SHARING APPLICATIONS
8073* *******c*******MATRIX MCitLTIPLICATION*******************
8080 SUBROUTINE MTMPY(INDA,B,C.LARG.MARG.N)
8090 DIMENSION A(25,909),B(25, 9Q0),C(25, 909)
8100 1 L=IABS(LARG)
8110 M=IABS(MARG)
8120 I=IND+1
8130 GO To (101,201,301,401),1
8140 101 DO 121 J1=19 L

8150 DO 121 J2=1,N
8160 C(JI,J2)=0.0

8180 IF(LARG)I02,5001,110
8190 102 IF(MARG)103,500I,I05
8200* **************T(MATRIX) X T(MATRIX) T(A(,ML))*T(f3(N.
8210 103 TEMP=ACJ3,J[)*R(J2.J3)
8223 Go To 121
8230* **************T(MATRIX) X 4ATRIX T(A(M,L)l*FI(MN)
8240 105 TEMP=A(J3,JI)*B(J3.J2)
8250 (30 To 12 1
8260 110 IF(MARG)II,5001,115
8270* **************MAATRIX X T(MATIX) A(L,.M)*T(R(N,M))
8280 111 TEMP=A(JI,J3)*3(J2,J3)
8200 0(o TO 121
8300* **************MATRIX X MATRIX ALMRMNC
8310 115 TEMP=A(Jl.,13)*B3(J3,J2)
6320 121 C(JI,J2)=C(Jl,.J2)+TEMP
8330 GO) TO 5001
8340* *******IAGO NAL X DIAGONAL A(L, 1 )*R(L I )=C(
8350 201 DO) 221 JI=I,I.
8360 221 CCJI.I)=A(JI.I)*R(JI,1)
8370 00 To 5001
8330 301 DO 321 JI=1,L
8390 DO 321 J2=l,M
8400 IF(MARG)310,500I,315
8410* **************DIAGONAL X T(MAT-4IX) A(L,I)*T(R(M,L))
8420 310 TEMP=A(JI,1)*B(,J2,Jl
8430 Go To 321
8440* **************[)TAGONAI- X MATI1X A(0.,I1 ) *13(L. 4)=C(
8450 315 TEMP=A(Ji,)*fI(J1,J2)
8460 321 C(JI,J2)=TIHMP
8470 GO( To 5001
8480 401 IX) 421 JI=1,L
8400 DO0 421 J2=1,,M
8500 IF(LARG)410.500I,415
8510* **************T(MATRIX) X DIArOONAT T(A(M,IA))*l(M.1)
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8520 410 TEMP=A(J2,Jl)*B(J2,l)
8530 Go To 421
8540* **************MATRIX X DIAGONAL A(L.,M)*R(M, I)=C(
8550 415 TEMP=A(JI.J2)*B(J2,1)
8560 421 C(JI,J2)=TEMP
8570 5001 RETURN
8580 END
85QO SUBRIOUTINE ATOD(.N,XM98,NBITS;)
8600 I;:(N3ITS.LF.0) (30 TO 80
86 10 U2=0.0
8620 SIGN=-I.
8630 IF(IN.GF.0.0) SIONI=I.
8640 X=
3650 D=2.0*XMSB
8660 XW=XW*S10;N
8670 20 DELTA2=XMSR
8680 DO 30 I=1,NBITS-1
8690 30 DELTA2=DELTA2/2.
8700 WOUT=2.*(XMSB-DELTA2)
8710 DO 5 I=lNBITS
8720 D=0/2.0
873() Y=ABS (XWJ-U2)
8740 IF(Y.LE.DE-T&2) NOUT=U2
8750 X=U2-D
8760 IF(XN.C3E.112) X=112+0
8770 5 U2=X
6780 IF(XW.LT.DELTA2) WOUT=0.0
8790 IF(XW.GE.(2.*XA4SB-D/2.)) PRINT91"A/D HARD LIMITED SAMPLE"1
8800 70 W=WOOT*SI(0N
8810 80 RETURNJ
8820 END
8830 SUBROUTINE HMAO-(RIAR2A,XLIA.XL2A,RI.R2.XL.IXL2)
8840 DIMENSION LIM(5),SK(5)
8853) P12=2.*3.14159
8860 PR INT,"It
8870 PRINT.-ICALCULATIIN OF ERROR IN H(S)**2-1
8883 PRINT,""l
88Q0 J=l
8903 PRINT:"SYSTEMA POLES ARE=",XLI/P12,XL2/P12
8910 PRINT:""
8920 PRINT:"S9YSTFM RESIOUES ARE"l.RI*I.F6,R2*1.E6
8939 PR INT: I'l
8940 PR I NT0" FREQUENJCY MA(3NITIJDE PHASE ')I FER'NJCF"1
8950 PI2=2.*3.I4I150
8960 XLIA=XLI.A*I.E6
8970 XL2.A=XL24*I .E6
8980 RI=RI*l.F6
899o) R2=R2*l.E6
9000 LIM(I)=40
9013 LIM(2)=I)
9020 LIM(3)=O
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9030 LIM(4)=10
9040 LIM(5)=15
9050 SK(])=l.E3
9060 SK(2)=5.E4
9070 SK(3)=I.E6
9080 SK(4)=I.E7
9090 SK(5)=5.E7
9100 200 CONTINUE
9110 Do 100 I=l,LIM(J)
9120 XI=I
9130 XI=XI*SK(J)
9140 W=P12*Xl
9150 AHMAG=W1*N*((RJA+R2A)**2)+(R1 A*XL2A+R2A*XL1A)**2
9160 AHiMAGI=(II*W+XLIA*XLlA)*(W*W+XL2A*XL.2A)
91 70 AHMAGT=AHMAG/AHMAGI
9180 fMAG2=Wi* *((RI+R2)**2)+(RI*XL2+R2*XL1 )**2
9190 1MAGI=(W*W+XLI*XL1)*(V*WI+XL2*XL2)
900 HPAAGT=HMkG2/HMAG1j
920O YI=N~*(RI+R2)
V221 Y2=RI*XL-2+R2*XLI
9230 PUiASE=-ATAN2(IV,XLI )-ATAN2(V,)XL2)+ATAN2(Yl ,Y2)
9240 PIIASE=PHASE*360./P12
9250 I F(PHiASE.LT.0.) PHASE=PIIASE+360.
9260 DR D IF=10.* (A LOG( AH-M A GT) /ALO C 10.)-A L 0GHM AGT)/ALO G 10.)
9270 PRINT,XI,HMAMM3T,PHASE,DF3DIF
9280 100 CONTINUE
9290 J=J+I
9300 IF(J.LE.4) GO To 200
9310 RETURN
9320 END
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APPENDIX B

COMPUTER PROGRAM LISTING FOR THE HYBRID
IMPLEMENTATION OF THE IDENTIFICATION TECHNIQUE

This is the listing of the computer program for the hybrid
implementation. Note that the subroutines are identical to
those listed in Appendix A and are not duplicated here.
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90C HYI3RI2P
1 00
110 DIMENSION XTA(l10) XT(I10) X( I c),XX(I10) R I( 10),WI( 10)
120 DIMENSION A (10) ,AP(10) ,CP( 0) ,CI ( 0),CA( 10)
30 DIAENSION (l0,10),Y(3,2420).(I(3.2420),A(20,10).C(25,25)
140 DIMENSION ISN( 10),XL-X(1),.CoEF(l0) ,XLAMR(IO),XLAMC(I0)
150 DIMENSION RNfl 10) ,CI( 10), 3(25) ,CRR( 10. 10) ,CI( (10, 10)
)60 DIMENSION LIMITI(I0),L.ABEL(25),S(25,l).R(25.I)
170 DIMENSION EI[)(25,25),E(25,25),CS(25,25)
175 1)IM ENS ION X MS f3I( 10) , XMSRO ( 10)
180 INTEGER~ 9N,STIEPI,STEP2
190C INITALIZATION AND INPUT PARAMEFTERS
200 P12=2.*3.14159
210 Ff?"AS=0.
220 DE T= 4. E- 3
230 SN=2
240 DO 118 I=I,SN
2 t0 Do 118 J=I,SN
e60 118 E 1(I,I) =0.EFO
270 DO 119 I=l,SN
280 119 E 11)( 1, 1) =I . F
290 PRINT,"OFR OF LINEAR- SYSTEM IS1",SN
300 PdIN.I"
310 SN2=2*SN
320 SK=I.E0
330 M=2400
340 MOP I (=M
350 LIMIT) (I)=M+l
350 STEP=SN+I
370 T=DELT*M
.380 LL=0
3()0 XhiSHI(l)=l.E-3
391 XMSHI(2)=.718E-2
392 XMSHI(3)=.476E-3
393 XMSBI(4)=.217E-2
394 XMSBI(5Sh.325E-2
400 XMS[30(1I)=.9125E-2
401 XMSI3D(2)=.291E-l
402 XMSBO(3)=.1926E-2
403 XMSBO(4)=.685E-2
404 XMSf3O(5)=.84E-2
410 NI3ITS=16
420 PUINT,11NUMBER OF F31TS IN A/0=11,NF3ITS
430 PIT11
440 PR INT, "NUlBFR OF WAVEFORM SAMPLES='., M
450 PRINT,"'
460 PRINT,11INTEGRATIC)N TIME IN MI-CRPSFCONDS="l,T
470 PRINT,""1
480 PRINT, "INTEGRATION INTERVAL IN MICRoSECON0S=" ,DEl-T
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4QO PR INT,""

O) 000 FORMAT (18X, E 14o*))
bIUC -VALUATI: INPUT AND OUTPUT FIlNCrIONS
"),10 1I ( I )=2.800 lQ92E5
.30 II (2)=-2.73oR44IFE8

c40 RI 1K)=I()-K
0')'O 'R I (4 )=-I.51 7
10() R I (i)= I . F-3

1)8{0 W'( }) 1 o . c)1I6086"1 ) 12
00 blIV .3 1 }

oit) (o wAG; ) =8.2-- I *PI 1)
010 {}c, I ( A = . ) C*)TO[ 6

C)30 AtI (, I ) ---V- (,N+
o40 DO 'O IK=INW N

4 b1 AI{ IK)=- .*(IK)
1o8 CA(I.)=TA(!.)+I ( IK)*I (I.)/((C IK)-.'(, *
o()I 0 C;A( IK)=I I( IK)*RI (I.)/( 1(.)-W(IK * .1£6)
o"() CI ( I K )=-CA ( I K)

8O0 Q9( ) CNE I N I I

o{)C) o P}1 C INIIF

010 CI (I )=- AM)00)( DOt QQ .JK=l ,M+I
11 {} X.JK=.1K

13) X U A - K(: I T

14 1 F( X I)3A.1.11.-80.) {10 ITO 16NNO( [1 (I, .. fK) =I:X N XT3A )

/o0 (to CO NTINU1:
10 M? I ,"K)=l -3*!4K*1( I ,.YK)/1130 CA1.I1. ATO ) (tJ( I .I K),XM'; I ( I ,N IIITS)

o IM )).,I I NE = 1

H1o XTA ( I ,)-- I 1,1). X,lK - I1 *11.T8,)() 11: ( XIA( If ,. -80. ) XT( 1, 1)--! A 1,1)*1: XP(XTA IJl}
Ki0 {),,.' Y( I,.IK)=Y( I, K) -I .}
8,40 Y({ I J.K )=')'K*Y ( I J.K )
ti )o CTAll ATODIM(Y I ,.K),X4';1i( (I) N l'';
800 Q)QQ CO NTI 1N( I1
A 10 PI? I NT, "

8u,} PR I N F, "NUl kA MA?~ pwI.t: P 1:1; 10111I ,

Q)X l00 I1? NT, 1"
QoI I It,' I NT, 'I
Q){ 0}DO 440 Kl.: I ,;.N
Q.30 1Y I N1'.,KI.,,4 (KI /11 1.1,R I (Kl,)
V 40 4.1() PI I'sr,-I
W-00 PO? I NT. IM
,I(C) 0 M "= t
Q 10} PIINT, " INPU T~ l ,, M'I
gtHO Pi? I NT 1' "I



990 PRINT."OUTPUT MSB3=",XMSR)
1000 PRINT,'"'
1002 JN=SN+l
1005 DO) 137 II=I,M+l
1010 XCV=-lW(St4+1)*(II-I)*DELT
1012 IF(XCV.LT.-80.) G~O TO 1480

1025 1(3,II.=RI(JN)/(AI(JN)**2)*(EXP(XCV))
1033 1480 U(3,II)=U(3,11)-R1(JN)/A1(JN)*(II-1)*DELT
1034 U(2,II)=iJ(2,II)-Rl(JN)/AI(JN)
1036 U(3,II)=U(3.II)-RI(JN)/(AI(JN)**2)
1100 1.37 CONTINUE
1110 M2=M2/2
1120 138 CONTINUE
1135 DO 101 JK=I,SN+I
1140 LIMITI(JK)=M+I
114'5 101 CONTINUE
1150 CONST=T/(3.*M)
1160 Do 13 KK=I,M+i
1170 DC) 117 IL=I,SN+1
1175 XCV=-VJ(IL)*(KK-1 )*DELT
1177 IF(XCV.LT.-H0.) (G0 TO 1485
1180 Y(2,KKY(2,KK)+CA(IL-)/AI(IL)*(EXP(XCVfl
1190 Y(3,KK)=Y(3,KK)+CA(IL)/(AI (L-)**2)*(EXP(XCV))
1197 1485 CONTINUE
1198 Y(2.KK)=Y(2,KK)-CA(IL)/Ai(IL)
1200 Y(3,KK)=Y(3.KK-CA(L/AI(IL)*(KK-H)*DELT
1210 Y(3,KK)=Y(3,KK)-CA(IL)/(AI (IL)**2)
1265 117 CONTINUE
1270 DO 39 IJK=2,SN+1
1275 CALL ATC))(U(IJKKK),XMSRI(IJK),NRITS)

*1280 CALL ATOD(Y(IJK.KK),XMSflocIJK),N!3ITS)
1283 39 CONTINUE

*1285 13 CONTINUE
1290 38 CONTINUF
1310C EVALUATE INNER PRODUCTS FOR GRAM DETERMINANT
1320 M=MORIG
1330 STEPI=SN+l
1.34.) STEP=2*SN+I
13130 DO 100 K=1,STEPI
1360 LJ~l
1370 MI=M
1380 MSL.J=I
13Q0 220 tIMIT=M-2
1400 JAT=0
1410 CONST=T/(3.*M)
1420) 240 CONTINUF
1431)C EVALUATE G(K,K) FOR K=l,SN
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1460 TEIRM I=CONST
1470 TEIRMI2=Y(K,I)**2+4.*Y(K,I+l )**2+Y(K,I+2)**2
1480 TERM I 3=TfURM I *ThFR 12
1490 (-(K,K)=n(K, K) +TERM 13
1500 7 CONTINUE
15I0C EVALUATE G(K.KM) FOR J GOT. K TO J=SN+1
1520) DO 3 J=2, STEP I
1531) MSLJ=l
1540 IF(K-J) 435,437,436
1550 435 DO 6 I=I,M-I,2
1560 XTER2=CO"4ST
1570 TEtaM22=Y (K, MSLJ) *1 J.,I)
1580 HSLJ=MSLJ+I
1 13)0 TEI?M23=4.*Y(K,f]SLJ)*U(JI+H)
1600 KSLJ=kiSLJ+2
1610 TERM24=Y (K, KSLJ) *(J,I1+2)
1620 TFRM2=XTFiR2*(TERZM22+TE:RM23+TERM24)
1630 KM'=J+SN4
1640 0 K, KM) =(3(K, KM)+TEPM2
1650 MSLJ=KSLJ
1660 6 CONTINUE
1670 GO TO 3
1680C EVALUATE (3,(K,KM) FOR K GCT. .J TO K=SN+I
1690 436 DO 176 1=1,M-1,2
1 7 00 XTER2=CONST
1710 TEflM22=Y (K, I.) *U(J. t-STJ)
1 720 HSLJ=?,iSLJ+l
1730 TFRM23=4.*Y(K,I+li)*U(J,HiSL-J)
1 740 KSL-J=MSL-J+2
1750 TFRA.424=Y (K, +2) *UJ(JKSLJ)
1 I760 TE'rM2=XTER2* (TERM22+TE-RM23+TER~m24)
1770 KM=J+SN
1180 G(K,KM)=G(K,KM)+TEtM2
1790 MSL-J=KSLJ

*1800 176 CONTINUE
1810 GO To 3
1820C EVALUATE G(K.KM) FOR K=J
1830 437 DO) 276 h1I,M-I,2
1840 TERM?2=Y(K, 1)*11(,J,I1)
1850 TERM23=4.*Y(K,I+1)*tI(J,I+I)
1860 TERIM24=Y(K, I+2)*tU(J, 1+2)

*187') XTF*R2=CONST
1 I880 TFIRM2=XTER2*(TERM22+TPRM23+TFRM24)
1890 KM=J+SN
1900 G(K.KM)=G(K,KM)+TERM2
1910 276 CONTINUE
1920 3 CONTINUE
1930 IF(K-STFPI ) 236, 100, 100
1940 100 CONTINUE
1950C EVALUATE r3(K,K) FOR K=SWN+I TO 2*SN+I
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1960 DO 8 K=9N+?,5N2+1
1970 Do 9 I=I.M-1,2
1980 [)i I=T/ (3. *M)
1990 DFR2=U(K-SN,.I)**?+4.*U(K-SNJ,1+1)**2+U(K-5N,I+2)**2
2000 DF1?3=DEfR I *[)FEj?2
2010 G-(K,K)=0-(K, K)+DFR3
2020 9 CONTINUE
2030 8 CONTINUE
2040 GO To 425
20530 236 IF(K-SN) 237,237,100
2060C EVALUATE G-(KL-K) FOR? K .LT. SN, LK=K+IS;N+l
2079 237 DO 401 LK=K+I,SN4+I
2080 MMW=Limiri (LK)-2
2090 LJ=l
2100 DO 402 1-1=1.M-1.2
2110 TERM3=Y(K,-lI)*Y(LK,LI)
2 120 Kli=LI+l
2 130 TE--M32=Y(K,Kfli1)*Y(LKLI1+1)
214,' KH2=LI+2
215") TEfM33=Y(K,Kfi2)*Y(LK.LI+2)
2160 TFIRM34='rf-RM I
2170 LJ=LJ+2**FLOAT(ILK-K+1)
2180 TElM3=TfURM34* (TERM31+4.*TFRM32--+TElM33)
200)( ((K,l-K) =(K. LK) +Tlt?k13
220 ' 402 CONTINUH
2210 401 CONTINUE
2220 238 IF(K-1) 57,97,58
2230C EVALUATE (G(K+SN,L.K+SN) FOR K=2,SN+IlKN+
2240) 58 DO 601 LK=K+IS'4+1
2250 ?4MW=LIMIlTI (LK)-2
2260 LJ=I
2270 DO 602 LI=I,M-1,2
2280 T[EXI=U(K,LI)*U(L-K,LI)
2290 KLI=LI+I
23 00 T[X2=tU(K,KLI)*IJ(LK,LI+1)
231 ) K!2=LI+2
2329t TEX3=U1(K,KL2)*U(LK,1.I+2)
2.33i ' TF.X 4 =TFRM 1
2340 LJ=LJ+2**Fl-OAT(L-K-K+1
2350 TEX5=TEX4*(TEXI+4.*TEX2+TFX3)
236;) G(K+SN,L-K+SN)=G(K+SN,LK+SN)+TEX5
2370 602 CONTINUE
2.3H,' 601 CONTINUE
2390 57 CONTINUE
2400 GO TO 100
24110 425 CONTINUE
2420 PRINT,"UNSCAL.F)D ENTRIES IN GRAM DETERMINANT API?'1
2430 P,? INT, 1 ROW COLUMN IqNFR PROD11CT"
2440 P i? IHIT, "IJ1 1. J)
2450 P,? NT,"
246() 9TFPI~sTEPI+SN



2470 DO 942 JIK=I,STEPI
2480 DO 943 KLI=ISTEPI
2490 G(KLI,JIK)=G(JIK.KLI)
2500 PRINTJIK,KLIG(JIK,KLI)
2510 943 CONTINUE
2520 942 CONTINUE
2530 MORIG=M
2540 N=SN2
2550C SCALE SCALAR PRODUCTS BY I.E6 FOR COMPUTATION FACILITY
2560 DO l011 I=I,SN2+
2570 D) 1021 J=I,SN2+1
2580 G( I,J)=l .E6*G(IJ)
2590 1021 CONTINUE
2600 1011 CONTINUE
2610C EVALUATE DIAGONAL COFACTORS COEF(I)
2620 PRINT,"DIAGONAL COFACTORS ARE AS FOLLOWS"
2630 DO 300 J=ISN2
2640 DO 310 I=I,SN2
2650 A(J,I)=,(J+l,I+l)
2660 A(I,J)=A(J,I)
2670 310 CONTINUE
2680 300 CONTINUE
2690 ID=I
2700 COEF(I)=DETE(AN,20)
271o PRINT,I1),COEF()
2720 Do 500 LKJ=I,SN
2730 Do 400 J=I,LKJ
2740 DO 410 I=I,LKJ
2750 A(JI)=G(JI)
27o0 A(I,J)=G(I,J)
2770 410 CONTINUE
2780 400 CONTINUE
2790 DO 510 J=I,.KJ
2800 Do 520 I=LKJ+ISN2
2810 A(J,I)=G(J, I+1)
2820 A(I,J)=A(J,I)
2830 520 CONTINUE
2840 510 CONTINUE
2850 DO 600 J=LKJ+ISN2
2860 Do 610 I=LKJ+I,SN2
2870 A(J,I)=G(J+I.I+l)
2880 A(I,J)=A(JI)
2890 610 CONTINUE
2900 600 CONTINUE
2910 COEF(LKJ+I)=DETE(A,N,20)
2920 PUINTLKJ+I .COFF(LK.J+)
2930 I.NM=LKJ+
2940 500 CONTINU
2950 PaINT,"F'IGNVA[.UF EQrATIoN CMIFPICIENTS ARE"
2960C EVALUATEI, I('EJVAI1IE FQoIATTrN CfEFFICIENTS P(I)
2970 DO 640 I=l,SN I
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2980 1(I)=SORT(ABS(COEF(SN+2-I))
2990 PRINT,I,B(I)
3000 640 CONTINUE
3010C EVALUATE SYSTEM POLES
3020 N=SN
3030 PRINT.-"POLES OF SYSTEM ARE GIVEN BELOW'"
3040 PRINT," NUMBER REAL(MHZ) IMAG(MHZ)"
3050 CA LL DO)WNH (H. N.R, CR)
3060 DO 650 J=1,SN
3073 XLAMR(J)=RR(J)/P12
3080 XLAMC(J)=CR(J)/P12
30QO AP(J)=RR(J)*I.E6
3095 AI(J)=l.E6*AI(J)
3100 PRINT,J.XLAMR(J),XLAMC(J)
3110 XLAMR(J)=RR(J)
3120 650 CONTINUE
3130) RR(SN+fl=-W(SN+H)
3131 AI(SN+l)=l.1E6*AI(SN+l)
3140 AP(SN+1)=RR(SN+I)*l.E6
3150C EVALUATE SYSTEM RESIDUES
3160 FLAGTh1
3170 DO0 660 K=I,SN+i
3180 IF(XLAMC(J)fl 670,660,670
3190 670 FLAG=0
3200 660 CONTINUE
3210 IF(FLAG) 680,680,690
3220 690 Do 700 I=lSN
3230 D)O 710 J=I,SN
3243 TEMPI=1
3250 D)o 711 L=I,I
3260 TFMP1=TEMPI*XLAMR(J)
3270 711 CONTINUE
3280O EVWE10.
3290 EWE2=0.
3300 EWE=I./(TEMPI*(XLAMR(J)+IW(SN+I)
3310 EWEIA=XLAMR(J)*T
3320 @FJE2A=-W1(SN+) )*T
3,330 IF(EWE2A.GT.-80.) FWF2:=XP(FWE2A)
3340 IF(EkIFlA.0T.-80.) Ev/Fl%-EXP(FElElA)
3350 C(I,J)=EWE*(EWEl-b1E2)
3360 C(I,J)=1.E-3*SK*C(IJ)
3370 TEMP=O.
33 8', DO 720 K= I, I
3390 TEMP2=1.
.3400 DO 721 KKI,I+l-K
3410 T FM 1)2= TfEAMP2*X L AM R(J)
3420 721 CONTINUE
3430 TF*-MP=TEMPi+U(K+),LliMTI (K+1 ))/TFMP2
3440 720 CO NT IN UE
34'0 C(I,J)=C(I,.I)-TEMP

3455 CS(I,J)=C(IJ)
3460 710 CONTINUF
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3470 700 CONTINUE
3483 CALL MTINlV(C,N,N,25,.ABEl.)
3490 ICOUNT=I
3500 EPS=I.E-3
3510 987 CALL MTMPY(O,CS,C,E,N,NN)
3520 DO 763 I=t,SN
3530 DO 763 J=I,SN
3540 E( I,J)=II)( I,J)-E(I,J)
3550 763 CO1NTINUE
3560 TEMPO=O.EO
3570 D) 764 I=I,SN
358r) XNOR=O.EO
3590 DO 765 J=I,SN
3600 XNOII=XNrm)+AliS(E( I, J))
3610 765 CONTINUE
3620 I F( XNOR .cT.TEMPO) TFMPO)=XNoR
3630 764 CONTINUE
3640 IF(TEMPo.GT.I.0) GO TO 907
365) IF(TEMPO.LT.EPS) (3') TO 098
3660 Do 766 I=I,SN
3670 DO 767 J=I,.;N
3680 767 E(I,J)=EIl)(I,J)+E(I,J)
3690 766 CONTINUE
3700 CALL MTVPY(0,C,E,GN,N, N)
371f) Do 768 I=1,SN
3720 DO 76,13 J=I,SN
3730 C(I,J)=G(I,J)
3740 768 CONTINUE
3750 IF(ICOUNT.,T.5) GO TO 008
3760 I COUNICOUNT+i
377) G7 ( TO 981
37 30 997 PsINT, "NlWM Too LARGE",TEMPO
3790 998 CONTINUE
3800 DO 740 I=2.SN+I
3810 S( I-1,1 )=Y( ILIMITI (I))
3820 740 CONTINUE
3830 CALL. MT.PY(C,S,R,SN,SN. I)
3840 PqINT,"RESI)UES OF SYSTEM PO)LES ARF GIVEN BELOW"
3850 DO 751 I=I,SN
3860 PRINT,I,R(I,I)*I.E6
3870 751 CONTINUE
3 8 () GO To 1000
3890 680 CONTINUE
3900 1000 CONTINUE
3910 PRINT," PERCENTAGE E RRor"
3920 PR I NT, ""
3930 PH I NT,, NUMBEI? PolE RESIDUE"
3940 PRINT, "
3950 DO 346 1=I,SN
3960 X( II )=I ().*((R( I I , )*I .E6-RI ( I I) )/RI ( I I)
3970 XX(II):IOO.*(AP(I1i-Al(II ))/A1(II)
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3 ') "146 PP lT, I I ,X (II), ,( II)
.3 Q.') Pl? I NT,
'100) PiU I Nr,
401 ;) PR I NT, " .K ACTI')Al- PFF!)I CTPW) M)I FRFE f~CF"
4020 SIJM=0.
40T5 SUMI =O.
4030 J=S N+ 1
4040 DO 341 JI=ISNJ
4010! CP(JI )=f?(JI, I )*I?] .) ( ;(.) i'? .

4060 CP(.YhCP(.)+P(.II, I )*hj (.J)/('(J)+;?l?(.I I
407-j 341 CONTINLV
4012 IJK=O
4080 )0 247 JK--I, "AG+I
409, X .JK= JK
4I 0) YOUT=(). )
411,) 1)) 34.3 I. = I, ,S"N +1

4 12 ,) XT( I J) =').0
413,) X1 A ( 1, :I)-= ? ( I J) * ( X JK- I ) iE.

414) I f(XTA ( I) .(3T.-,30. ) YT( I.1)=CP( IM )*FXP (XTA( I )
el I .) YOUT=YoIf -c; *XT I )
4 1:).) 313 CONTI rNu!:
41) D)Ur]J=Yo)IJT-Y (1 , .1K
41 H.) I.IK= IJK + I
41 Q.) It IJK, . 1 0l-. 1) )  TO 248
4 2")r( 0 T ) 24,
421'.) 248 IJK=O
I 22) P? I NT, JK, Y ( I ,1K Y'),I IT, )TIIT
42 V) 24, CONTI NF
424) 247 CONrINNJ W
,12') T=T* I .F-,
42c ) Do 242 IX=l SNJ+I
,1210 I) 242 .JX=I ,N+l
42 1-) 0lJ,'=SU -CP( IX)*CP (.JX)/(AfP( IX) +AP(.JX ))
4,, IF((AP( IH)+Al(,JX ))*T.I.T.-Of.) P') T 243
429') SUM=lJM'+CP'( IX )*CP( JX )/( AP (IX) +AP( X)*( FXP(( A( )+ AP( jX ))*T)
429') 243 SII M=9 1 M+2.*CP(IX)* I (.JX)/(AP(IX)+ AI(.IX))
S.00 IV( (AN( IX) +A I (.X) )*T.1.T.-On. Ci, To 244
31') .,1.I4 -2.* CP(IX)*CI (.TX)/(AP( IX)+AI (JX ))*(FXP(( P( X +A I (IX ))*T))

431 24,4 ;ll , ,-CI ( IX)*CI (JX)/(AI ( IX)+A I (IX))
431 7 SI 1.11 =Sl UI,-CI ( IX)*CI (IX)/( AI (I X)+AI (IX))
42') IF(AI1(IX)+AI(,IX ))*T.lT.-0)o.) (Go TO 242
4A S) SUIA='1I,+ 1( X)*CI (JX)/(A I (.JX)+41 (IX ))*(FXP(AI ( IX)+Al (X) )*T)
43 b U)(M I =StJA9.41I +CI (IX)*CI (,J,' )/(AI (IX)+A I (IX) )*( XP( (A ( I X)+AI (IX) )*T
134') 242 C)OITIIJi-
43 ) J'S1 ti=S1I1/T
4 32 5 :I.I =) P , I M I /T
'; 3, i P'? I tIT, P'I -- *, s''4 Q
43)-l PI? I NT, ""
4 36 TI',' fA=T,- ;iJM/ dLJ 1.iI')r
4 16Y) P i-' I NT,
.3 / ) 'a I 'rr, o 4 ' P < t,)QUARF ) FF 'iU'WI? '8,TSI.'
43 1 I14', "it
• 1 t;) Pill r~r, -1');?MAl IT/") A',I -, F~''
.1 3-;-)4 4')T)

L t



APPENDIX C

COMPUTER PROGRAM LISTING FOR THE ANALOG
IMPLEMENTATION OF THE IDENTIFICATION TECHNIQUE

This is the listing of the computer program for the analog
implementation. Note that the subroutines are identical to
those listed in Appendix A and are not duplicated here.
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560 PR INT."
570 PRINT,"INTEGRATIP'J TIME IN MICROSECONDS=",T
580 PRINT.""
590 PR INT." INTEGRATION INTERVAL IN MI CROSC()NDS=" ,DELT

600 PRI NT,""il
610 900 FORMAT(18X,E14.5)
620C EVALUATE INPUT AND OUTPUT FUNCTIONS
630 R1(1)=2.8069192D5
640 R1(2)=-2.736844ID8
650 RI(3)=J.D-3
660 RI1(4)=I1.51 D7
670 RI(5)=I.D-3
680 V4(1I)=l * I550008D-2*P12
690 W(2)=1 .0616986D1*PI2
700 WV(3)=10.
710 W(4)=8.2D-I*PI2
720 W(5)=.35*PI2
733 L=STHP
740 Al (SN+I )=-N(SN+l )-GAPIMA
750 DO) 901 IK=I,SN
760 AI(IK)=-W(IK)-GAMMA
770 CA(L=CA(L+RI(IK*R(L)/(((IK.-aq(.)*I.E6)
780 CA( IK)=I ( IK)*RI (L-)/(VI(L)-N'( 1K) *l .E6)
790 CI(IK)=CA(IK)
800 001 CONTINUJE
810 CI(L)=CA(L)
820 XJK=JK
830 [J(I,JK)=0.
840 XT3A=-W(STEP)*(XvJK-I )*DEL-T
850 IF (XT3A .LT. -80. )G f To 1 66
860 U(1,JK)=DEXP(XT3A)
870 166 CONTINUE
880 U(1,JK)=I.D-3*SK*1J(I,JK)
900 DO 002 IJ=I,STFP
910 XT(IJ)=0.
920 XTA(IJ)=-?J'(IJ)*(XJK-l)*DELT
930 IF(XTA(IJ) .GT.-80.) XT(IJ)=CA( IJ)*D1EXP(XTA(IJ))
940 902 Y(1,JK)=Y(]1,JK)+XT(IJ)
950 Y(IJK)=SK*Y(I,.JK)
970 999 CONTINUE
980 PRINT," ACTUAL SYSTEM POL.FS AND JF1YV
990 PR INT,"
1000 PR INT," N41i'HFRP Pi)LF , iI )U ~
1010 PIINT,"
1020 P RI NT,"
10310 DO 440 KL=I.SN
1040 PIINT, KL,( KL) /PI?2. RI (KL-
1050 446 P)R INT,"
1060 PRINT,.""
1070) M2=M
10QO PR INT,
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l QOC ANALOG IMPLEMENTATION---TWO POLES--
105C IMPEFECT INTEGRATOR---
107C VERSION 2----
110 IMPLICIT DOUBLE PRECISION(-H,O-Z)
120 DIMENSION FAC 10)
13() DIMENSION XTA(0)XT(10),XAX(10).XX(10),RI( l0),W(10)
140 DIMENSION AI(lO),AP(l0),CP(10),CI(10),CA(10)
150 DIMENSION ((10, l0),Y(9, 1),U(5, I),A(20. l0),C(25,25)
160 DIMENSION ISNi(I0),XLX(10),COEF(I0),XLAMRCJO),XL-AMC(lO)
170 DIMENSION RR(IO),CR(10),fl(25),CRR(IO.10),CI(l0,10)
180 DIMENSION LIMITI(10),LABEL(25),S(25,1),R(25.1)
190 DIMENSION EID(25,25),E(25,2S),CS(25,25)
.200 DIMENSION XMSBI(10),XMSBO(10)
210 INTEGER SNSTEPISTEP2
22 0 INITALIZATION AND INPUJT PARAMETERS
230 P12=2.*3.14159
235 SG=0.
240 ERMS=0.
250 DELT=4.D-3
260 SN=2
270 Do 118 I=I,SN
280 Do) 118 J=I,SN
290 118 E11)(1, J) =0. DO
300 DO) 119 I= ISN
310 119 EID(I,1)=l.DO
320 PRINT,"ORDER OF LINEAR SYSTEM IS"1,SN
330 PRINT,"'
340 SN2=2*SN
3D 0 SK= I. D0
360 M=2400
370 MOJ-?IGM
3830 LIMITI(I)=l
390 STEP=SN+1
400 T=t)EL-T*M
405 GAMMA=0.
406 (_'A MM A =G A PA* )12
410 L-L=(')
420 XMSBI(])=I.D-3
430 X MS II ( 2 )=.22 81)-3
440 XMSBI(3)=.ID)-2
450 XMSII(4)=.217D-2
40() XMSBI(5)=.325D-2
470 XAISIO( I)=.587D-3
480 XMSBO(2)=.127D-2
490 XMSHO(3)=4.1D-3
500 XMSBO(4)=.(MliD-2
510 XMSI30(5)=.84i)-2
1)20 NI3ITS=0
t530 PRINT,l"NU'AREq OF FITTS IN A/n=,",NBITS
540 PR INT,""11
550 P,? INT, "N1JIJfWR OF 4'AV FORM 9AMPLFS;= , M
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1100 PIINT,' INTE(Th1ATOI- LOW FR-EQ CIJTOFP(HiEFTZ)".,CA'1MA/(PI2* 1. 0-6)

1115 PIRINT,"CLILE
1116S P IINT,"M 11PEREO(V)"S*0.

1120) JN=SN+ 1
1125 SC=-(APMMA*T
11:30 1=
1140 XCV=-VI(S)I+l )*M*DELT
1150 IF(XCV.LT.-9~0.) (3') To 1480
1160 U(2.II)=.-(JN)/AI(JN)*(DE-XP(XCV))
117o UJ(3,11)=[I(,JN)/(AI(JN)**2)*(I)FXP(XCV))
1180 IJ(4,II)=RI(JNl)/(AI(JN)**3)*(r)EXP(XCV))
1190 U)(5,TI)=i?I(JN4)/(AI(JN)**4)*(DEXP(XCV))
1200r 1480 U(3,II)=U(3,II)-!fl(JIN)*FWEXP(SC)/Al(JN)*(T1-I)*DELT

1 22,r U (4,11) =U (4, 11 ) -PI(,JN)*rHTxp (SC)/ (A I (JN1)**2)* ( II- I)*0ELT
12 30 !1(3, 11 =tJ(3. II-RI (JN)*D)EXP(3C/(AI (JN)**2)
1240 MC4, II)='(4, TI)-Ri~(JN)*I)[hXP(SC)/(2.*A(J'))*(I-I)*(1I-1)

*,DFI.T*r)EL.T

123-) U5, II )=I(5. I1I)-RI (,JN)*'IEXP(9C)/(6.A (J))*( 1(1- )*D.T)*

130:) 137 CONTINUF
1311 k12=M2/2
I1,32') 13,1 COPITINIPE
134J Dn 10 1 JK=I1,9N+I1

1360 101 CONTINUE
13 10 CONST='/(3.*ki)
13 80 KK=I
1399) DO 117 IL=I , SN+ 1
140() XCV=-IN( ;L)*,'M*D[ELT
1410 IfE(XCV.1-T.-810. ) GO TO 1 4,,5
142-3 Y(2,KK)=Y(2,KK)+CA(I.)/AI (TL)*(DT'-XP(XCV))
1430 Y(3,KK)=Y(3,KK)+C&(IL)/(AI (Il.)**2)*(WFXP(XCV))
1 440 Y(4,KK)=Y(4,KK)+CrA(IL)/(AI (Il-)**3)*(DEFXP(XCV))
1450 Y(5,KK)=Y(5,KK)+CA(IL-)/(AI (IL-)**4)*U[)VXP(XCV))
1460 1485 CI)NTINUE
147') Y(2,KK)=Y(2,KK)-(7A(IL-)*EXP)(SC)/AI(IT.)
1480 Y(3,KK)=Y(3,Kr)-CA( IL)*1Wi-XP(3)C)/4I C I)*('<K-I )*DPL-T
149J YC3,%K)Y(3, KK)-C-A(IT)*DFXI)(SC)/(AI( C)*2
150o Y(4,1\K!)=Y(4$,KK)-CA(IL)*rWFxpUc)/(2.*A1(IT-U*((KK-)*Dr-1,T)**2

1'2'.) Y(4,1KK)=YC4,Kr)-cA(I.)*r)EXP(9C)/(AI (IL-)**3)
1530 Y 5 [K = ( . K -' (1.*)-P S ) ( I I.* 3 * ;K I*):.
1540 Y(5,KKY(5,KK-CA(IL)*DfuXP"C)/6.*Al~i.)*((KK-n)*1w1T)**
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1 550 Y (5, KK =Y (i, KK) -CA ( It)*flEXP (SC) /(?.*A I If Il*?) kK- I
*M-ILT) **2 )

1560 Y (),KK) =Y (), KK) -CA (IL) *DFX )(SC) /(A I( I L)**4)
1 b/70 117 CO NT INUF 1
1539 13 CONTINUE
I boo("IC VALLJATE I NNER PRO~DUICTS FOPI GIAWA DETEM I NANT

1610) STEiPI=SN+1
1620 SITEP=2*1'+I1
16:30 5~UM=0.
164') DO( I Il = ISTEP I
16 b)0 W) I J= I SN+1I

1670 S3= ( A I1) +GAMM\A+A I Uj) +cAkiA)*T
168,1) IF (S.3. LT.-90. ) GO) To I

16QI 11,11l= UM + I( I )*C (J)/(A I(I ) + A I(U *T~l P (53)
1700 1 CO NTI NUH

1710 CC I *I )=(I.SCUIs( 0,. 2 )C(I*

172)') 'iUM=0.
1733 ') O 2 1 =I , STi-PI1
1740 SIIMA=SIIM+CI C )*CI (I)/(2.*Al CI)**2)
I 75'l) XI =X I+CI ()/Al (I)
I 7 ) S3=2 .*( A I( I ) +A'Ak(A)*T
1770 IF(S)3.1.T.-Q0.) CGO TO 2
1 9U') F)I I A = 5 Mi+ CI ( C1 I ( 2. * A ( I ) **2 DE fX P(S')3
179'J 2 CONTINIIE
HOC)0 0(3 3 I= 1 SN+1
1810 53=Ai(I)*T
1820 IF(S3.C_'T.-)0.) SU'i=SUM-X1*C1(l)/AI(l)*lEXP(S3)
183 DO 3 J= I , STFPI 1
1840 IF(J.T-E.I) GO To) 3

1863 S3=(AI(I)+CAIAM A+AI(J)+r(VV(MA)*T
1870J IF(S3.1-T.-90.) GO To 3
I 88") SIJki=SIIM+CI (I)*CI (J)/(AI (I)+AI (J ))*l)XP(9'3)
I 800 3 CONTI NIJ
1900 G ( 1 2 )=SUM

1920 DO) 4 1=1 S;TFP1
1931) D)O 4 .1= I , ST P I

194') SI=AI(I)+AI(J)

19*7) S3=(AI ( I)+AAMA+A I(J) +AtOMA)*T
1980 IF (53. LT. -90.) Gf To 4I1
I QQ.f 31) IM=S!Jt1+C I (C J)*C I ( J)/(AI ( I )AI J I U/ Al II )+ AI I O) ) X P (S 3)
2000 41 53=AICD)*T
201V) IF(93.1.T.-90. ) GO TO 42
2012') ';UM=5LPA-rl ( 1*Cl (,)/92*DFXP(93)/Nl (I)
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203) 42 S3=AI(J)*T
204') 1 F (S3. LT.- Qo. Go 170 4
2050 SIM=SU-Ot-l(I)*Cl(J)/S2*DF-XP(53)/AI(J)
206? 4 CONTINUE
20 70
2270 (3(2,2)=SIJM
2275 G (2,2)-(1 .+5(C*U 141 M2C(10.,0.,2.))*0,2 .2)
22 8) SUOA=o.
2290 F=CI(U)/AI(l)+CI(2)/AI(2)+CI(3)/AI(3)
2300 F.(I)C(1/l()(I()(1(1)l(2)I(3/A(*4())
2310 FH)F~1)C 1/KI)(I2/~()*)C()(l()*)
232J? FA( I)=FA( I)-F*T*CI (1)/Al (f
2330 FA(2)=CI(2)/A.I(2)*(C1(I)/(AI(J)*AI(2))+C1(3)/(A1(2)*AI(3)))
2340 FA(2)=FA(2)-CI(?)/AI(2)*(C1(l)/(41K2)**2)+CI(3)/(AI(3)**2))
233J) FA(2)=FA(2)-F*T*CI(2)/AI(2)
2360 FA(3i)=CI (3)/Al (3)*(CI (1)/(AI (1)*Al (3))+CI (2)/(Al C2)*Al (3)))
23M0 FAc3)=FA('3)-CI(3)/Al(3)*(CI(2)/(Al(2)**?)+Cl(I)/(Al(1)**2))
23 W) FA(3)=Fk(3)-F*T*CI(3)/AI(3)
239") 1)(1 1) 1 = I ,'+ I
2400 S3=AI(l)*T
24 19 JF(S3.LT.-OD.) 0031 TO0
2420 SUkl=SUA+FA(I)*DEXP(S3)
243() 9 CONTINUE
2440 S3=2.*(AI(l)+OAVAA)*T
2 2450 IF(cS3.1-T.-QO.) 00f To 10
2460 SUM=SUAi+CI(l)*CI(I)/(2.*AI(l)**3)*DH!XP(U)3)
2470 10 W=S-C I*1I/(.A(I*3
2489 OIIh
241)() 00) I J=1,13,14+
2'500 I (..f~ ) () TO) 11

2'-)2 0 )(PA=S!PA-X I
2'D3 1) S3=(A I( I )+(A '9A+A I(J) +(-A'iMA)*T
2549 IF(0.3.L'r.-Qo.) (io Tr) 11
25o)) c3U-lSUM+X I *DEXP(S.3)
21)9 1H C)N17ItIUF
2 5/ ') 0( 1 3=)

25) YA='1 (2)/Al (2)
26n,) Z=CI(3)/AI(3)
20 19) To'lhX+YA+i
262') :I=X*X,2.*X*YA+2.*X*7+VA*yA+2.*YA*7+7*7

2641) UF:;=.2)+.*Y A*YA/ A(2 )+2. *YA*Z/ A I('2*YA*7/A 1 3) +-. *7*7IA 1 )

2 6,,') :3-If+YA*YA/(A()**)+2*YA*7/(A1(?)*AI(3))+7*7/CA1(3)**?)
2 ) ) 4= X*'%+X*YA+X*7

9A FS---2.A I G)*(X*Y A +Y A*+Y A YA
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3209) )I=X**2/Al(u)+X*YA/Al(?)+X*Z/AI(3)+YA**2/A1(2)+YA*7 /A1(3)
'32 N DI =D1 +Z*Z/A H(3)
3 220( r)v=I)1+X*YA/AI (I)+X*Z/Al (I)+Y. *Z/A1 (2)
323:) S1; SJ +1 *T*
324) fl1=X*X+?.*X*YA+2.*X*7.+VA*YA+2.*YA*Z+Z*Z
32')0 SUfA=LJPA+3 I*T*T/2.
3260 SU=H-,I I(I )0/I (2-RAl (3)
3270 S3=A[(I)*T
32') 1 F (S 3.LIT. -90. T) TO 40C
3 2 Ql SU M =q Ji+ GI / AI I )*IM,:XP5c3)
330) 40 S3=AI(2)*T
33 10 IF (S 3. T.T.-QO. G') TO 14
332;) 1MSlI+2A (2)*[DHXP(S.3)
3330 14 53=Al(,3)*T
3,3 40 IF(S3.1-T,.-'0. ) rTO 15
3,3 b.0 S !M 1= S IIl + 1 33 /A 1(3 DF*OEX P(S93
3360 1lb CONPTI NU
331 DO0 16 1=1 ,SN+l
33 8) S UM = 5t i-C I (1I )*C I )/(2. *A IC!) *4
13300 ~3 =1-(A I( I ) +nA M, IAAT
3 4? OD JBF(S i. LT. -00.) 10 10
3410 511,%=';1 AA+C I (I )*CI I 1/(2.*A1 I 1)**4 )*vl:XP (9.3)
3 420 16 CO NT I N 1 J
34130 S,3=A I ( I + AIM A +A 1 (2)+ MAA) *T
3440 P).T.Q. 0To 6I
34L ' ThM1'=YJMt.+X*YA* (1./Al (2 )+ ./Ail ())*FXP(S,"3)

3460) 61 S3'=(AI (I )+CA'.pA+A (.3)+U;A'iMA)*T
34-10 (,13T.~~O.)0) TO 62
3 4,M SUM0=SUIA+X*Z* ( 1 ./Al1 (3)+I /AI (I )*,')I-X P( S3
34 1)0 62 S3 =(AI1 (2) +GA.MMA + A 13) +rAPM A *T
.35 0) IF (!;,3.iTr.-()o.) n~o TO 63
35 19 Sd,,i lM+YA*Z* (I. /A 1(3) +1 ./A I(?))*DFXP (33)
352 ) 63 CoNTINLJF
3)2 1 S(IA=s'(fM-;(*YA*( 1./Al (2)+l./A 1 * I.(J 1+l 2)

35ThI StJP.i=;1M-YA*7* ( I1./Al1 (3 ) +1 ./A1 (2 1 ../( AI (+)41 (3))

:153V) G (;)( I .+ SG*IJIN I F M?( 10. ,0. . 2. G)02 3)
31)40 SdJ'A=0.

3')') KN=SN+l

DO0 28 1=1 ,SN+I
35~3 8 r JM=!SUM-X*(CI (I )/(AI ( )+AI (KNJ))-CI (1)/Al (I))
35919 S 3= ( A I +nA MAA +A I (K N + GA M A )*T
3609 F (9.3. LT. -0 0. o T 20Q
361P) ';Uf-=SiJM+X*C1 (1 ) /(A I1(I ) +A I (KN) )*D[-XP (93)

3c) 2() 13=AI(I)*T
36 ') I F:( S ) 4.1I.T.-,)n. ) nr) TO 2 8
364') 1;r~rljc () /AlI (I )*l[j(P U-33
.365)') 2'1 CONT I NI
36o") G( 1 ,4 )=T;:JM
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3 66:) G0(1 ,4) 1 .+ S07*UN IF'A 1O00,2. G)*0(1 ,4
3 o7T) SUM =G 1,4 )/AlI (K 4)
,.368f) DO 30 1 1 K N
309J S IPA =S U M- X*CI (I )/A 1 (1 I*2
3703 S3=Al(l)*T
37 10 IF(S3.LT.-00. )) To 30
3/120 SIJM=SUM~k-X*C I ( I)*(Tr/AI ( I I/ Al I 1)**2 ))*!)EXI)S3)
3730 3) CO NT I NU!:
3740 (
37453 ,( 1 .5)( 1 .+S0*LJNI FA 10n. ,0. ,.))*0( 1 5)

* 3Th' 00 32 1=1,KN

* ~37803 SUMi=SUM+X*C1 (I)/Al ( )*( 1./Al (l)-I ./(AI (I)+AI CKt'J)l+l./A I(KN)+T)
379 ) S3=AI (I)*T
.3 803 IF(5,3.1.I.-OO. ) (31 To 33

3820 33 S;.3=(Al(fl+GAM~MA+AlCKN)+C;AO'94A*T
383Y) (3S.L.Q0 0 To 51

385") 51 93=A I(KJ
.3860 IF(S3.L-T.-QO.) 00,( rn 45
3R P) S1IM=SIVrA-dI (KN) /A I (KN)*C I Il /A I C *4 )1 (KN) )*,')FXP ((3)
.33189 4) CO NTI N IV
3800 32 Co NT INUE1
3901) G 02 , 4hUM
3905 G, 2. 4) 1. +50*UNI F'42(10. 0. 2 )*02G. 4)
39 10 (tMG2, 4)/A 1 (11)
31)20 Do 34 I=I,K>I
.3930 9UM=SUM' +T*T/?.*' l(KN)*CIC1)/(AI(I)*AlCKN))
394") 1U=U- ( K4) *CI( I1)/A IC (* CK1 ) )/C A I (1 **2
.39L , ) S3=A 1(1)*T
39o) IF(.S3.LT.-00j. 00 To 3 4
3970 UM=S TOM-,?lI CK 14/AI (K"4)C I (1)/Al I) T/ AI CI-I ./A I C 1*2)

*DFXP (53)
39830 34 CONTI NUE
:30N') G (2, 5)SJM
-30 (3C j2, 5=1I. + S '*U N IFM 2C10. 0. 2 . *G*(2,
4 4009): SIJM=0.

* 4010 X=R-I(KN)/AI(KN)
402.1 Do .35 1=1 F)N+l
403') SMSMXC()A I*I/A I*I~)-.CIK)*)
4040 SlJ'I=SIJM+X*C1 (1)/Al (I)*(T/Al (1)-i ./(A1 CI)*(AI CI).A1 (KN)))+

* (T** )/12.)
4050 SUMi=U+X*C()/CA1I)**3)
4060 S3=( A I( I) +AkWA+A I(KN)+0.'AWlA) *T
4079 IF(S3.LT.-P0.) 010 To 5?)
4080) S(JM=SUM+X*C IC(l ) /AI (CI ) *DBfXP(3,;3)(A I (CI )CA IC I)+AI1 (04) )
4090 52 S3AK)T
4100 IF(S.3.LIT.-Q. 0 To 5 3
4110 TH:'I ./(AI CKN)**?)-T/AI (KN4)-I./C Al I)*AI (KN4



4)20 SUM=SUM.X*C) (1)/Al (I)*TER*DEXP(53)
4130 53 S3=Al(I)*T
4)40 IF(53.LT.-()0.) (30 TO 35
415 IbO ( M-CD/ (A I(1)**3)*DEFXP(S33
4163 35 CONTINUE
4 1(1 0 A(3, 4) =54M
4175 (-(3,4)=( 1S0 lPM().,n. 2. ))*(3,4). ~-.
4 180 StlM=(3(3,4)/A I(K'J)-
4190 I0o 36 1 hI , K N

4210 YA=X
4220 S1J =SU-/(A()**3)YA*(T*T/(2.*Al(I))+(T**3)/3.)
4230 53=Al(I)*T
4240 IF(S3.L-T.-90.) (3') TO 36
4250 S)M=SUM-X*(T/(AKJI)**2)-./(A)I()**3))*fXP(S3)
4260 36 CoNTINUE
4270 G(3,5h=S(JM
427,5 (,)(.S*NFA(0..2)*(35
4280 sum~o.
4290 X=Rl(KN)/AJ(KN)
430() U=**T2/)K~)l/2*)KJ)
4310 S3=Al(KN)*T
432-0 IF(53.LT.-O0.) (3') TO) 37
433-0 SUM=SUM-X*X*2./A) CKN)*DFXP(53)
4340 37 S3=2.*(A.I(KN)+CAAMA.)*T
4350 IP(FS3.LT.-90.) (30 Tnl 44
4 36 " S(V-lSU(A+X*X/(2.*A) (KN))*I)FXP(q3)
4370 44 CONTINUE
4393 (( ,4=Jj'
4!3-35 G(4,4)=( I +SG*UNIF:'2( in.,o. 2. ))*CO(4,4)
4390 SUMG(4,4)1Al(KN)
4409) S IIkfP; 14-XX*( I ./A I(KN) **2)-T*T/?.)
4410 S3AI(l)*
4142') 1 RS3.T.-Q.) G() TO :38
4430 SUM 1IM-X*X* (T/A I(KN) - I.A (KN **2 D*VYX P ()3)
4440 38 CO KIlNU II-
4450 G ;(4, i 5 I It!

4460 SUAI=( (4, 4) /(A I(KN)**2)
4470 StitM,,SUM+X*X*(T**3)/3.
448i0 SUIM=(M+2.*X*((T**)/(2.*A(K~))-L./(AI(KN4)**31)
44Q.) S3=A) (KN)*T
450r) I F(F)3. T.T.-90. ) 0 To .30
45)0 SU0=5SIJ-2. *X* X*(T/ I (V'N) **2- A/(I)( KN) ** 3 1OR 1)
4520 39 CONTINIJE
453!)P9,5 SJ

4 t)40 PiIN' , 'UNSCAJJf FO NTI 1 U IN "YRiki W-nT!mlAl jA '4T AW-1
4 Pll 1 , 1141 1 11Will I NNFR !~),% vc!rr"

4 5 6) Pq I NT," I ((
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4580 STEPI=STEPI+SN
4590 DO 942 JIK=I,STEPI
4600 )O 943 KLI=I,STEPI
4601
4602 XMSGI=DABS(,( JIK,KLI ))*(I.+I./(2.**NB ITS))
4605 CALL ATO[)(G(JIK,KII),XMSGI,NBITS)
4610 (G(KLI,JIK)=((JIK,KLI)

ii 4620 PRtINT ,JIK ,KlI. 0(,)IK,K1.I )
;;4630 943 CONTINUE

i 4650 m()qIG=N
S4660 N=SN2

4670C SCALE SCALAR PRODUCTS BY IE6 FtI) COAPITATION FACIL-ITY
4680 DO0 1011 I=I,SN2+I

4690 DO 1021 J=ISN2+1
4700 (3( I ,J)=) FQ*G( I.)
4710 1021 CONTINUE
4720 1011 CONTINUE
4730C EVALUATE DIAGONAL COFACTORS COEFA(I)
4740 PRINT,"DIAGONAL COFACTORS ARE AS FOLLOWS"
4750 DO 300 J=],SN2
4760 )O 310 I=I,SN2
477) A(J, I G(,I+I , I l )
47.30 A (I, J)=A(J, I)

4709 310 CONTINUE
48,) 300 CONTINUH
48 10 ID=I
4820 Co EF( I)=DETE(A,N,20)
4830 P R I NT, I F), Co)FF(Ir))
4840 )O )O LKJ=I ,SN
4850 DO 400 J=I,I.KJ
4860 )O 410 I=I,I.KJ
4870 A(J,I)-(;(J,I)~488"0 A( l,J)=G(l,J)

48)() 410 CONTINUE
4900 400 CONTINUE
4910 DO 510 J=I,LKJ
492') 1)0 520 I=LKJ+I,SN2
4930 A(JI) 0-(J, I+1)
4940 A(I,J)=A(J,I)
4950 520 CONTINUE
4960 510 CONTINUE
4970 DO 600 J=I.KJ+I,SN2
4980 )DO 610 I=LKJ+I,5'J2
499') A(J. I )-(J,- I,I+1)

5010 610 Co NTINUE
5020 600 CONTINUFE
5030 COEF (I.K,J+ I ) =1)TE (A, N, 20)
504:) PRINT,LKJ+I ,COFF(LK.J+I
505,) LNM=LKJ+ I
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)06'9 500 CONTINU f
50/') P() I T," ,IGF-NV ALJE W.JIATIr)N CFFFICIFNTS ARE"
50,30C EVALUATE EI, GENVATIJ.E EOQIAI"r)', CoEFTICI.:NT, R(1)
bO000 DO 640 I=I,S N+I
b I Of) B ( I ) =)S.)o ?T ( DA!iS ( C')E F ( ; +2- I )))
b I I:o PR INT, 1, 9 (I)
512) 640 Cr)NTINUE
b130C EVALUATE SYSTI POLES

51- ) PRINT, "POLES OF SYSTEM AR- GIVEN fE1."
D160 PRINT," UMAFR R Al (0iiZ) I M AG (Hl17)"
b I 70 CA f. [)o!J411 (H,N, PP. C)
tiC3') )9 050 J--I ,qj
.510.2 XT.AMt? (.J) = Rl? (,J) /P 12

5201) XT AMC(J)=CR( J)/1)I2
5210 AP (J) =RR (.J)* .E6
5223 AI (.I=-1 .)6*W(.J)
'2 ) I NT, J, XI.AMA (3), XI.AMC (J)
5240 XLAkR?(J) =tRR(.J)
b2 )() o()0 C()NTI N!JV
52o0) Pi (SN+ ) =-;I(5SN+J

52/0 A I (SN+ I )-1 .)6*' (SN+I
52,,,,) AP(SN+l )=?R(SN+I )*I .1-6

Q0.",C r:VATI ATF SYc;TEM iFS I[D)ES
5300 FL A(;= 1
5311) !)0 660 K=I ,qN+1

5329 IF(XLA.,(.T)) 67),6,560,67n
5330 670 F AG(=O
534'1 6C) CO NTINUE-
5:3)0 IF(FLAG) O()H,681,690
5b)3o 690 DO 700 I:I ,SN
.)31) 1) 710 J=I,SN
'13 80() I'EiP I = I
5303.) ) 711 LI,I
540 TFMiP I =TE'IP I *XL AM.,? ( J)
5410 711 CONTINU1
542) HvF.I =O.
o4 ') IE v,;F2 = .
440 E I I ./(T[,IPI *( XLA41(,J )+N (SN+ I

54;") cV.;F I A=XT. AMR ( .J ) *T
5J410 Flt2 A=-6 (SN+I )*T

547:) IF(U.-PA.T.- 3r). ) FVEF2=XP(f--VE2A)
549 IF(lFEI A .(T.-S8.) EFI=)EXP(EIJE A)
5490 C ( I ,J ) =FIF* ( FIF I -F4E2 )
550") C( I,J)=I .E- 3*SK*C( I ,.J)
51I0 TEP=0.
520 )) D 720 K=I , I

55 () TFMP2 = I .
0 1) 72 1 1\K= I , I+I-K

5".)0 TFMP2=Tf:M P2* X!.A 'AR ( A
~556) 12 1 CONT INUF
510 TIA/,-P=TF.MP+U ( K+ I, LI 4 IT I (K+ I ) )/TMP2
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15603 C (I ,J)=(CI J) -TEA )

13610 730 CONTINU-.i
5621 700 CO NT I N
5 63') CALL. ATlV(C,N,4.2v?5,LAM-1,)
5641) ICoUNT= I
5o 0 1FPS= I . D-3
5 6 5) Q87I CA1.!. MTM l.PY(,C,,-,f-,N,N4,N)
'-6 P) ) 763 1lS
ID6 di0 00 763 J=],!SN

1600 F( I ,J) = FID)( I , J) - f( I .J)
-1 (YJ 703 CO~l N Il N 0 P
t 1 TI')O0 f)0

12 0 DO 764 1= IJ
,-73-) XtNOO. DO
5740 DO) 7 65 J = .S N

5760) 7 65 CONT I NUI -

5)77') J f ( XTYR OT .TPM T) Tfh'VP0=X No?
5780 764 CO NT I N tI

5790~ ~ ~~ nUTMI.T ) -,9 TO 007
58(Y) IF (TlMP() .LT * 'PS) (;0 TI) Q98

5b3 DO3) 760 ~ P
5829 DO 767JJ 0
5l33() 767 3 J~I(IJ+(I,1
584') 165Of CD NT I N 1I
585 o CALL AMYocc;NN)
586) D)O 758 =I,S)N
I-), DOr 768 J=).SN
51889 C (I ,J) = 3( I ,J),
58 01 76,9 CoNT I N U!_
5900) JF(JCOUVT.GT.r6) CYJ Tr) 008
591) ICOUNT~jICouN'F4-i
5920 OnTo 997
5930 997 Pq I NT, "No0M 100 1-A:?GF" T1FMPO)
5940 9 CONTINUE
5950 DO 740 I=2,SN-l
5960 5(-,)Yl,1Tf()
5970 740 CONTINUF
5980O CALL MTAPY(0),C,q,R,SN,9N, I
5 99 9 PR/ NT, "MiS IIUL9 OF SYSTEM POL-F3 ARP OIVN 111LI'W--
6000 0)0 71 I=1,;N
0005
6010 PRINT, 14?( 1,1)*j .F6
6020 751 CONTINUE
6030) (;0 TO 1 000
6040 680 C('NTINUF
6050 1000 CrrNTIN'll

606, f). I NT,, PEl?CFNTAOF i7100,0
60710 PlIINT,"



6060 PRINT," NUMBER POLE RESIDUE"1
6090 PR INT, 'fi
6100 DO 346 II=I,SN
6110 XAX(II )=100.*CR(I1 , I)*1 .E6-R) (II ))/RI (II)
6120 XX(Il)=100.*(AP(It)-AI(tI ))/AI(Il)
6130 346 PRINT, I',XAX (11 ,XX (11)
6140 PR INT, 1"
6150 PR INT, 110
6170 SUM=0.
6180 SUM1=0.
6190 J=SN+I
6200 DO 341 JI=lSN
6201 CI (JI)=-CI (JI)

6220 CP(J)=CP(J)+R(J,I)*RI(J)/(W(J)+RR(Jl)
6230 341 CONTINUE
6231 CI(J)=-CI(J)
6240 IJK=0
6249 MORIG=I
6250 DO 247 JK=),MORIG+1
6260 XJK=JK
6270 YOUT=0.0
6280 DO 343 IJ=1,SN+I
6290 XT(IJ)=0.0
6300 XTA(IJ)=RfR(IJ)*(XJK-])*DELT
6310 IF(XTA(IJ).GT.-80.) XT*(IJ)=CP(IJ)*DEXP(XTA(IJ))
6320 YOUT=YOUT-SK*XT( IJ)
6330 343 CONTINUE
6340) DELO[JT=Yo(JT-Y( I JK)
6350 IJK=IJK+I
6360 IF(IJK.GE.1l0O) G9 TO 248
6370 GO To 249
6380 248 IJK=0
6400 249 CON4TINUE
641o) 247 CONTINUE
6420 T=T*l.F-6
6430 DO 242 IX=l,SN+1
6440 Do 242 JX=I,SN.I
6450 SU)M=SUIM-CP(1X)*CP(JX)/(AP(IX)+AP(JX))
6460 IF((AP(IX)+AP(JX))*T.LT.-Q0.) Go To 243
6470 SIUM=SIIM+CP(IX)*CP(JX)/(AP(IX),APCJX ))*(DEXP((AP(IX)+AP(JX))*T))
6480 243 SUMk=SUM+2.*CP(IX)*CI(JX)/(AP(IX).AI(JX))
6490 IF((AP([X)+Al(JIXfl*T.LT.-O.) Ol TO 244
65)0 SU)M -3Ut-2.*CP(IX)*C(JX)/(AP(IX)+AI(JX))*(DEXP((AP(IX)+Al(JIX))*T))
o510 244 SUM=StJM-CI(IX)*CI(JX)/(AI(IX).AI(JX))
65j20 SUMI=SUAI-Cl(IX)*Cl(JX)/(A1(IX)+kl(JX))
653:) IFU(AI(IX)+AI(JX))*T.LT.-QO.) GO To 242
6540 S(J=SUl.-(IX)*CI(JX)/(A(JX)AIIX))*(DEP(AI(IXAI(JX))*T))
6550 S(IMI=S'Iki+Cl(IX)*Cl JX)/(A1(IX)+AI (JX))*(DEXP(CAI (IX)+AI(JX))*T))
6560 242 CONTfNUF
65/o TSUM=SUM/T
6 5'1) SUWNl)R~-l)'M1I/T
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6590 PRINT.,"NORM="SUMNOR
6600 PRINT,""
6610 TNORM-TSUM/SUMNOR
6620 PRINT,1"1
6630 PRINTI'1MEAN SQUARED ERROR="J,TSUM
6640 PRINT,"l
6650 PRINT,UNORMALIZED MSE=S' ,TNORM
6660 STOP
6670 END
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MISSION
* Of

Rom Air Development Center
RAVC ptanz and execu-teh %eahch, devetopment, te~.t and
aetec-ted acqui,6ition pztoyam in Auippont oj Command, ContAot

* Commncation6 and InteWgence (C31) activitie6. Technicat
and engineeMing 6uppo,%utin a'teau oj technicat competence
iz pi'ovided to ESV Pftog.~om 066iceu (P0,6) and otheA ESV
etement6. The p't2 neLpaL technZ cat mZ,664on axa ate
communicationA, etecAomagnetic gui.dance and contAoZ, .6uA-
veLLance o6 ytowid and aeLo,6pace objeet6, inteigence data
cottection and handting, indoltration sy,6tem technotogy,
iono~pheAi. pftopagatio1n, zoZid Atate .aci~enceA, micAoue
phyacA and eetonic %eti~abZtity, maZntainabitity and
compatibiLtq.




